
Spectral Theory and the Gelfand Transform

by

Brenden Schlader

A thesis submitted in partial fulfillment of the requirements for

the degree of Masters of Arts in Mathematics

at Minnesota State University, Mankato.

Mankato, Minnesota

May, 2025



ii

ACKNOWLEDGEMENTS

First, I would like to thank my advisor, Dr. Kris Hollingsworth. It has been

an honor learning from you, and I deeply appreciate your support and guidance

throughout my thesis work. Thank you for challenging me and introducing me to new

areas of mathematics, which have deepened my understanding of the subject. I would

also like to thank all the professors and fellow graduate students at Minnesota State

University, with whom I have had the privilege of learning from and collaborating

with. I have truly grown as both a practitioner and a teacher of mathematics during

my time here.

Next, I would like to express my gratitude to my undergraduate professors, Dr.

Gail Hartsock and Dr. Lisa Mellmann. After my father passed away, my academic

journey nearly came to an end. The supportive and inspiring environment you created

reignited my excitement for learning and gave me something to look forward to during

that difficult time. Without your unwavering support and guidance, I would not

have completed my undergraduate degree. You have both been the most influential

teachers I have had, and you drastically changed the course of my life for the better.

One day, I hope to be able to pay this forward to my own students.

Finally, thank you to my academic cohort for your friendship throughout my time

in Mankato. Christian and Eric, thank you for spending the summer studying with me

for the comprehensive exam. Ifty, thank you for inviting me to play volleyball every

weekend. To Nara, Adrian, Quyen, Nou Paul, and Shikhu, thank you for helping me

stay motivated during my studies. And to Jack, Hunter, Lizzy, Mingyu, and Xeng —

your friendship made settling into life here so much easier.



iii

Table of Contents

Abstract iv

1 Introduction 1

2 Background and Notation 3

2.1 Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Functional Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Unital Banach Algebras and Spectral Theory 17

3.1 Invertibility in unital Banach algebras . . . . . . . . . . . . . . . . . . 17

3.2 Spectral theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Gelfand Theory 28

4.1 Ideals and the Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2 The Gelfand transform . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3 Non-unital Banach algebras . . . . . . . . . . . . . . . . . . . . . . . 49

5 Future Study 56

Bibliography 57



iv

Spectral Theory and the Gelfand Transform

by
Brenden Schlader

A thesis submitted in partial fulfillment of the requirements for
the degree of Master of Arts in Mathematics
at Minnesota State University, Mankato.

Mankato, Minnesota

May 2025

Abstract

The overall goal of this thesis is to study spectral and Gelfand theory as it relates to
unital Banach and C∗-algebras. In the first part, we develop the necessary algebraic,
analytic, and topological background relevant to the content of this work. We also
discuss concrete examples of algebras frequently used in the subsequent sections.

In the second part of this thesis, we develop spectral theory by first defining
the spectrum of an algebra through the characterization of the invertible and non-
invertible elements. In particular, we establish properties of the commutative unital
Banach algebra ℓ1(Z). We also establish fundamental results such as Gelfand’s spec-
tral radius formula and prove the Gelfand-Mazur theorem.

In the last part of this thesis, we study the spectrum, also known as the maximal
ideal space, of commutative unital Banach algebras. Through this, we develop the
Gelfand transform, which maps elements of the algebra to continuous functions on
its spectrum.
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Chapter 1

Introduction

The foundations of harmonic analysis rely heavily on spectral theory and the Gelfand

transform, as they provide an important connection between abstract algebraic struc-

tures and concrete function spaces. This thesis specifically explores this connection

from unital Banach and C∗ algebras and their analytic representation via the Gelfand

transform.

Informally, the Gelfand transform maps elements of a commutative Banach alge-

bra A to the space of continuous functions on its spectrum. One specific instance of

the Gelfand transform is the Fourier transform, as we will see in the last chapter .

We note that the Gelfand transform is applicable to commutative Banach algebras,

while the Fourier transform is applicable to locally compact Abelian groups.

In the first part of this thesis, Unital Banach Algebras and Spectral Theory, we

establish results relating to the spectrum of an algebra. We begin by examining in-

vertibility in Banach algebras, proving results such as the Neumann series expansion

for invertible elements. Other notable results include Gelfand’s spectral radius for-

mula and the Gelfand-Mazur theorem, which establishes that a Banach algebra where

every non-zero element is invertible is isomorphic to C.

In the second part of this thesis, Gelfand Theory, we develop the representation

theory of commutative Banach algebras. We begin by exploring properties and the

behavior of multiplicative functionals and build up to a one-to-one correspondence

between the set of maximal ideals of an algebra and the algebra’s spectrum. We

then leverage this correspondence to prove key results such as the Gelfand-Naimark
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theorem. We conclude this chapter with a brief commentary of how much of the work

in this thesis can be extended from unital algebras to non-unital algebras.

Lastly, unless stated otherwise, the content presented here is an elaboration of

material drawn from [4], A Course in Abstract Harmonic Analysis, by Folland.
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Chapter 2

Background and Notation

In this section, we present key background information essential for understanding the

Gelfand transform, a generalization of the Fourier transform. In the first section, we

review the algebraic concepts and propositions necessary for the development of this

thesis. Similarly, the second section discusses the necessary background for functional

analysis and the third for topology. In each section, we begin with a few definitions

and build up to results that will be used in the subsequent chapters.

2.1 Algebra

We begin by defining a partial ordering, which provides a way to compare elements

within a set.

Definition 2.1. A partial ordering on a set X, denoted ≤, is a binary relation on

X, that is

1. Reflexive: x ≤ x for all x ∈ X;

2. Antisymmetric: If x ≤ y and y ≤ x, then x = y;

3. Transitive: If a ≤ b and b ≤ c then a ≤ c.

When a set X is equipped with a partial ordering, we say X is a partially ordered

set. The term partially ordered implies that X may contain elements x and y for

which neither x ≤ y nor y ≤ x holds. In such cases, we say x and y are incomparable.
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Otherwise, if x ≤ y or y ≤ x hold, we say x and y are comparable elements. This

leads to the following definition.

Definition 2.2. A subset S of X is called a chain (totally ordered set) if any two

elements x, y ∈ S are comparable. I.e., either x ≤ y or y ≤ x.

That is, a chain is a partially ordered set that contains no incomparable elements.

These play a central role in many areas of mathematics, including set theory and

algebra.

Moreover, for a subset S of a partially ordered set X, we say an element u ∈ X

is an upper bound of S if for all x ∈ S we have x ≤ u. Depending on our sets S and

X, such a u may not exist. Furthermore, we say an element is m ∈ X is a maximal

element of X if m ≤ x implies m = x for some x ∈ X. Similarly, X may not contain

a maximal element.

For example, consider the space R where ≤ has its usual meaning. Here, X is

totally ordered but has no maximal element. In contrast, consider the power set

of a given set X, denoted P(X), equipped with the partial ordering ≤ defined by

inclusion. That is, A ≤ B is and only if A ⊆ B. Then, P(X) is partially ordered

and the only maximal element is X.

Using these concepts, we can now state Zorn’s lemma. This is a powerful result

provides a way to establish the existence of maximal elements.

Lemma 2.3 (Zorn’s lemma [7], 41-6.). If every chain in a partially ordered set S has

an upper bound, then S has at least one maximal element.

With these foundational concepts in place, we now turn to algebraic structures,

beginning with rings and ring homomorphisms. These will be essential for under-

standing the relationship between the spectrum of an algebra and its maximal ideals,

as explored in Chapter 4.
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Definition 2.4. Let R,S be rings. A ring homomorphism is a map φ : R → S that

respects addition and multiplication of both the domain and codomain of φ. That is,

for all a, b ∈ R,

φ(a+ b) = φ(a) + φ(b) and φ(ab) = φ(a)φ(b).

Consequently, ring homomorphisms also preserve multiplicative identities, i.e.,

φ(1R) = 1S .

We define the kernel of a homomorphism to be the set {x ∈ R : φ(x) = 1S}. This

is the set of all elements in our ring that map to the identity element. Moreover,

ring homomorphisms are closely tied to ideals, since every ideal is the kernel of a ring

homomorphism.

Theorem 2.5 ([6], 15.4.). Every ideal of a ring R is the kernel of a ring homomor-

phism of R. In particular, an ideal A is the kernel of the mapping r → r + A from

R to R/A.

The connection between ring homomorphisms and ideals is further developed by

the First Isomorphism theorem. This establishes a natural isomorphism between the

quotient of a ring by the kernel of a homomorphism and the image of that homomor-

phism.

Theorem 2.6 (First Isomorphism theorem [6], 15.3.). Let ϕ be a ring homomorphism

from R to S. Then the mapping from R/ ker(ϕ) to ϕ(R), given by r+ker(ϕ) → ϕ(r)

is an isomorphism.

These theorems demonstrate an important connection between ring homomor-

phisms and their ideals, which again will be of great importance in Chapter 4. We

further explore this relationship with the following.
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Theorem 2.7 (Lattice Isomorphism theorem [3], Theorem 20.). Let I be an ideal of

a ring R.

1. If J is an ideal of R that contains I, then J /I is an ideal of R/I.

2. If J̃ is an ideal of R/I, then J̃ = J /I for some ideal J of R containing I.

The next results, which characterize maximal ideals in commutative rings, will

be key tools in establishing a one-to-one correspondence between the spectrum of an

algebra and the set of maximal ideals.

Proposition 2.8. Let R be a commutative ring with identity. An ideal M is maximal

if and only if R/M is a field.

Proof. First, let M be a maximal ideal of a commutative ring R. Then the only ideals

of R that contain M are M and R itself. Thus, by the Lattice Isomorphism theorem,

the only ideals of R/M are R/M and M/M = {0+M}. Therefore, R/M is a field.

Conversely, suppose R/M is a field. Then the only ideals of R/M are R/M and

{0+M}. Again, by the Lattice Isomorphism theorem, the only ideals of R containing

M are R and M. Thus, M is a maximal ideal of R.

Proposition 2.9. Any commutative ring R has a maximal ideal.

Proof. Let F be the set of all proper ideals of R, and define a partial ordering of F

given by inclusion. That is, for F1, F2 ∈ F , we have F1 ≤ F2 whenever F1 ⊆ F2. Also

note that F is nonempty as it contains the zero ideal. Suppose that C = {Iα}α∈A

is a chain in F . Then J =
⋃

α∈A Iα is an ideal of R and, toward a contradiction,

suppose that J is not a proper ideal of R. Then 1 ∈ J , which implies that 1 ∈ Iα0 for

some α0 ∈ A. Moreover, this implies that Iα0 = R, contradicting that Iα is proper.

Thus, if C = {Iα}α∈A is a chain in F , then J =
⋃

α∈A Iα is an upper bound in

F . By Lemma 2.3 (Zorn’s lemma), there exists a maximal element in F which is a

maximal ideal of R.
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Next, we define an algebraic structure that will be of great importance in this

thesis, an algebra. Algebras provide a framework for studying operations on elements

that combine algebraic and analytic properties.

Definition 2.10. An algebra A over a field F is a collection (A,+, ∗,F), satisfying

1. (A,+,F) is a vector space,

2. multiplication ∗ is bilinear,

3. for all x, y ∈ A and α ∈ F, (αx) ∗ y = x ∗ (αy) = α(x ∗ y).

An example of an algebra, which we will see in Chapters 3 and 4, is ℓ1(Z). This is

the space of bounded complex-valued sequences x = (xn)
∞
i=1 for which

∑∞
i=1 |xi| < ∞.

Example 2.11. (A = ℓ1(Z) is an algebra).

Suppose A = ℓ1(Z) with multiplication defined as convolution. That is, for a, b ∈

ℓ1(Z) the product of a and b is defined as a ∗ b = c, where cn =
∑∞

m=−∞ ambn−m. To

show convolution is closed, let x, y ∈ ℓ1(Z). Then,

∥x ∗ y∥1 =
∞∑

n=−∞

|(x ∗ y)n| =
∞∑

n=−∞

∣∣ ∞∑
m=−∞

xmyn−m

∣∣ ≤ ∞∑
n=−∞

∞∑
m=−∞

|xmyn−m|

=
∞∑

n=−∞

∞∑
m=−∞

|xm||yn−m|

=
∞∑

m=−∞

|xm|
∞∑

n=−∞

|yn−m|

=
∞∑

m=−∞

|xm|
∞∑

k=−∞
k=n−m

|yk|

= ∥x∥1∥y∥1,

where the fourth equality will follow by Theorem 2.15 (Fubini’s theorem for infinite

series), since the series are absolutely convergent. Thus, convolution is closed.
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Trivially, ℓ1(Z) is a vector space. To show multiplication is bilinear, let α, β ∈ C

and f, g, h ∈ A. Then,

((αf + βg) ∗ h)n =
∞∑

m=−∞

(αf + βg)mhn−m =
∞∑

m=−∞

αfmhn−m + βgmhn−m

= α

∞∑
m=−∞

fmhn−m + β

∞∑
m=−∞

gmhn−m

= α(f ∗ h)n + β(g ∗ h)n.

Similarly, f ∗ (αg + βh) = α(f ∗ g) + β(f ∗ h). Thus multiplication, when defined as

convolution, is bilinear.

Next, we show that scalar multiplication respects convolution. Let x, y ∈ ℓ1(Z)

and α ∈ C. Then,

((αx) ∗ y)n =
∞∑

k=−∞

αxkyn−k = α
∞∑

k=−∞

xkyn−k = α(x ∗ y)n

and

(x ∗ (αy))n =
∞∑

k=−∞

xk(αyn−k) = α
∞∑

k=−∞

xkyn−k = α(x ∗ y)n.

Therefore, A = ℓ1(Z) is an algebra.

2.2 Functional Analysis

The study of normed spaces and Banach spaces is central to functional analysis.

These spaces provide a framework for analyzing functions and operators in infinite-

dimensional settings.

Definition 2.12. A normed space X is a vector space equipped with a norm. Further,

a Banach space is a complete normed space, with respect to the metric defined by

the norm.
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One of the key results in functional analysis is the Uniform Boundedness Princi-

ple, which provides conditions under which a family of bounded linear operators is

uniformly bounded.

Theorem 2.13 (Uniform Boundedness Principle [5], 5.12.). Suppose X and Y are

normed vector spaces and A is a subset of L (X, Y ), the space of all bounded linear

maps from X to Y. If X is a Banach space and sup
T∈A

||Tx|| < ∞, for all x ∈ X, then

sup
T∈A

||T || < ∞.

This result is particularly useful in Chapter 3, as it aids us in establishing Gelfand’s

spectral radius formula. We will also use the next theorem to construct examples of

unital Banach algebras.

Theorem 2.14 (Fubini’s theorem [1], 5.32.). Let (X,µ) and (Y, ν) be measure spaces,

and let f : X × Y → C be a measurable function. If f is integrable over X × Y with

respect to the product measure µ× ν, then,

∫
X×Y

f(x, y) d(µ×ν) =

∫
X

(∫
Y

f(x, y) dν(y)

)
dµ(x) =

∫
Y

(∫
X

f(x, y) dµ(x)

)
dν(y).

That is, the iterated integral and the double integrals agree.

Analogously, we have a similar result for series instead of integrals.

Theorem 2.15 ([1], 5.31.). Let f : Z × Z → R such that
∑

(n,m)∈Z×Z f(n,m) is

absolutely convergent. Then we have,

∞∑
n=−∞

∞∑
m=−∞

f(n,m) =
∑

(n,m)∈Z×Z

f(n,m) =
∑

(m,n)∈Z×Z

f(n,m) =
∞∑

m=−∞

∞∑
n=−∞

f(n,m).

Our last result contains some basic facts about the convolution of Lp functions,

where f ∗ g denotes the convolution of f, g ∈ Lp.

Proposition 2.16 (Young’s inequality [5], 8.7.). If f ∈ L1 and g ∈ Lp with 1 ≤ p ≤

∞, then f ∗ g(x) exists for almost every x, f ∗ g ∈ Lp, and ∥f ∗ g∥p ≤ ∥f∥1 · ∥g∥p.
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2.3 Topology

Topological spaces provide a general framework for studying continuity, convergence,

and compactness. The following definitions and results will be essential for our later

discussions.

A topology on a set X is a collection τ of subsets of X, satisfying

1. the sets ∅ and X belong to τ,

2. any union of elements of τ belongs to τ , and

3. any finite intersection of elements of τ belongs to τ.

A topological space is a set equipped with a topology, denoted (X, τ). Further, the

elements of a topology τ are what we consider to be open sets in X.

Definition 2.17. If X is a topological space, then a base B for X is a collection of

open sets in X such that every open set is a union of open sets from B.

Definition 2.18. A collection of sets is a subbase for a topology on X if it forms a

base after all possible finite intersections are added.

By defining a topology in terms of a base or subbase, we can efficiently describe

its structure while minimizing redundancy. Given a subbase S for a topology on a

set X, the topology τ generated by S is constructed in two steps:

1. We form a base B by taking all finite intersections of elements of S.

2. Then we generate the topology τ by taking arbitrary unions of elements of B.

This ensures that τ is the coarsest topology containing S. Some topologies that are

of particular interest are the weak and weak∗ topologies.

Definition 2.19. Let X be a set and Xα a topological space with fα : X → Xα, for

each α ∈ A. The weak topology on X, induced by the collection F = {fα : α ∈ A} of
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functions, is the weakest topology on X making each fα continuous. We denote this

topology by σ(X,F).

This is the topology on X for which the sets f−1
α (Uα), where α ∈ A and Uα is

open in Xα, form a subbase. That is, σ = {f−1
α (Uα) : Uα ∈ τα, α ∈ A}. Note, for a

normed-vector space X, the weak topology on X is σ(X,X∗). Here, X∗ denotes the

dual space of X, the space of all continuous linear functionals on X. Similarly, the

weak∗ topology is σ(X∗, X), where we consider X ⊂ X∗∗, the double dual of X.

Next, we discuss the notion of convergence in a topological space. For this, we

need the following.

Definition 2.20. A net in a set X is a function P : Λ → X, where Λ is some directed

set. We denote the point P (λ) by xλ, and we will denote the net by (xλ)λ∈Λ.

We say a set Λ is a directed set if there is a relation ≤ on Λ that satisfies

1. λ ≤ λ for each λ ∈ Λ,

2. if λ1 ≤ λ2 and λ2 ≤ λ3 then λ1 ≤ λ3,

3. if λ1, λ2 ∈ Λ then there is some λ3 ∈ Λ with λ1 ≤ λ3 and λ2 ≤ λ3.

This relation is referred to as a direction on Λ, or is said to direct Λ. Using this, we

can now discuss convergence in a topological space.

Definition 2.21. Let (xλ) be a net in a space X. Then (xλ) converges to x ∈ X,

denoted xλ → x, if for each neighborhood U of x, there is some λ0 ∈ Λ such that

whenever λ ≥ λ0 we have xλ ∈ U.

Thus, xλ → x if and only if each neighborhood of x contains a tail of (xλ). We say

(xλ) converges weakly to x ∈ X if for every f ∈ X∗ we have f(xλ) → f(x). Similarly,

fn → f in the weak∗ topology if and only if fn(x) → f(x) for all x ∈ X. Convergence

of nets will be a useful tool later in Chapter 4. Our next theorem will provide us

important information about the spectrum of an algebra.
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Theorem 2.22 (Banach-Alaoglu theorem [5], 5.18.). If X is a normed space, then

the closed unit ball in the continuous dual space X∗ is compact with respect to the

weak∗ topology.

We now turn to an important tool, which allows us to establish equivalences

between topological spaces.

Definition 2.23. Let X and Y be topological spaces. A homeomorphism T : X → Y

is a continuous, bijective map such that T−1 : Y → X is also continuous.

By establishing a homeomorphism between a compact Hausdorff space and the

spectrum of the algebra of continuous functions on that space, we can bridge the gap

between topological and algebraic structures.

Theorem 2.24 ([8], 7.9.). If X and Y are topological spaces and f : X → Y is

one-to-one and onto, then the following are equivalent:

1. the function f is a homeomorphism,

2. if G ⊂ X, then f(G) is open in Y if and only if G is open in X,

3. if F ⊂ X, then f(F ) is closed in Y if and only if F is closed in X.

Proof. First, we will show that 1 implies 2. Suppose that f is a homeomorphism and

f(G) ⊂ Y is open. As f is continuous, and the pre-image of an open set is open, it

follows that G ⊂ X is open. Conversely, suppose that G ⊂ X is open. As f−1 is

continuous, it follows that the pre-image of G under f−1, namely f(G), is open in Y .

Thus, 1 implies 2.

Next, we will show that 2 implies 3. Assume for any G ⊂ X, we have f(G) ⊂ Y is

open if and only if G ⊂ X is open. Suppose that F ⊂ X is closed. Then X \F is open

in X, so it follows that f(X \F ) = Y \ f(F ) is open in Y . Thus, f(F ) is closed in Y .

Conversely, if f(F ) ⊂ Y is closed, then Y \f(F ) is open and so f−1(Y \f(F )) = X \F

is open in X. Therefore, F is closed in X, and so we conclude 2 implies 3.
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Lastly, we will show 3 implies 1. Assume for any F ⊂ X, we have f(F ) is closed

in Y if and only if F is closed in X. Then, for any closed F ⊂ Y , as f is bijective,

f−1(F ) ⊂ X. By assumption, f(f−1(F )) = F is closed in Y if and only if f−1(F ) is

closed in X. Thus, the preimage of a closed set in Y under f , is closed in X, so f is

continuous.

Similarly, if F ⊂ X is closed, then f(F ) ⊂ Y is closed. Since f is bijective, we

have (f−1)−1(F ) = f(F ). Thus, (f−1)−1(F ) is closed in Y whenever F is closed in X,

and so f−1 is continuous. Therefore, f is a homeomorphism, and so 3 implies 1.

The last proposition in this section, which characterizes topological spaces, will

help us establish a homeomorphism between a compact Hausdorff space and the

spectrum on the set of continuous functions of that space. To proceed, we first define

a normal topological space.

Definition 2.25. A topological space X is normal if whenever A and B are disjoint

closed sets in X, there are disjoint open sets U and V with A ⊂ U and B ⊂ V.

In a normal space, if two closed sets are disjoint (that is, they do not overlap),

there always exist two disjoint open sets that separate them. This property represents

a stronger form of separation than what is provided in, for example, a Hausdorff space

(where any two distinct points can be separated by disjoint open sets) or a regular

space (where a closed set and a point not in the set can be separated by disjoint open

sets). Before our last result, we also need the following definitions.

Definition 2.26. If (X, τ) is a topological space and A ⊂ X, the collection

τ ′ = {G ∩ A : G ∈ τ}

is a topology for A called the subspace topology or the relative topology.

Definition 2.27. Let X and Y be topological spaces, and let f : X → Y . Then
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f is continuous at x0 ∈ X if for each neighborhood V of f(x0) in Y, there is a

neighborhood U of x0 in X such that f(U) ⊂ V. We say f is continuous on X if f is

continuous at each x0 ∈ X.

With these definitions, we are able to establish a powerful tool that we will later

use to establish a homeomorphism between a compact Hausdorff space X and the

spectrum of the set of continuous functions on X.

Proposition 2.28 (Urysohn’s lemma [8]), 15.6.). A topological space X is normal

if and only if whenever A and B are disjoint closed sets in X, there is a continuous

function f : X → [0, 1] such that f(A) = 0 and f(B) = 1.

Proof. Suppose X is normal, A,B ⊂ X are closed, disjoint sets in X, and U1 = X \B.

Since X is normal, let U1/2 be an open set such that

A ⊂ U1/2 and U1/2 ⊂ U1.

Note that U1/2 ∩ B = ∅. This implies that A and X \ U1/2 are disjoint, closed sets

and so are U1/2 and B. Thus, there exist open sets U1/4 and U3/4 such that

A ⊂ U1/4, U1/4 ⊂ U1/2, U1/2 ⊂ U3/4, and U3/4 ⊂ U1

and so U3/4 ∩B = ∅.

Now, suppose sets Uk/2n , for k = 1, . . . , 2n − 1 are defined such that

A ⊂ U1/2n , . . . , Uk−1/2n ⊂ Uk/2n , . . . , U (2n−1)/2n ⊂ U1

and so U (2n−1)/2n ∩ B = ∅. By normality, the process can be continued to provide

sets Uk/2n+1 , k = 1, . . . , 2n+1− 1 defined similarly. Then for each dyadic rational r we

have an open set Ur such that
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1. A ⊂ Ur and U r ∩B = ∅, and

2. U r ⊂ Us whenever r < s.

Define f : X → [0, 1] such that

f(x) =


1 if x belongs to no Ur

inf{r : x ∈ Ur} otherwise .

Clearly, f(A) = 0 and f(B) = 1. Next, we will prove two claims that we will use to

show f is continuous.

First, if x ∈ Up then f(x) ≤ p. To show this, let x ∈ Up. Then x ∈ Up ⊂ Uq for

all dyadic rationals q > p and so f(x) = inf{r : x ∈ Ur}. Thus, inf{r : x ∈ Ur} ≤ p.

Next, if x /∈ Up, then f(x) ≥ p. Suppose x /∈ Uq for any q ≤ p. If there exists no

dyadic rational r such that x ∈ Ur, then we have f(x) = 1. If there exists at least one

dyadic rational r > p such that x ∈ Ur, it follows that f(x) = inf{r : x ∈ Ur} ≥ p. In

either case, we see that f(x) ≥ p.

Now, we will show that f is continuous. To that end, suppose that U = (a, b) is

an open interval in R which intersects [0, 1]. We note that this implies [0, 1] ∩ (a, b)

is an open set in the subspace topology on [0, 1]. We wish to show f−1(U) is open in

X. Thus, fix x ∈ f−1(U) and let V be an open set in X such that x ∈ V ⊂ f−1(U).

Thus, f(x) ∈ f(V ) ⊂ U = (a, b).

So, for the fixed x ∈ f−1(U), we have f(x) ∈ U = (a, b). Thus, we can find

rational p and q such that

a < p < f(x) < q < b.

Since p < f(x), it follows that x /∈ Up by the contrapositive of our first claim.

On the other hand, as f(x) < q, by the contrapositive of our second claim we have

x ∈ Uq. Thus, as x /∈ Up and x ∈ Uq, it follows that x ∈ Uq \ Up. Take V = Uq \ Up

to be our open set.
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Lastly, we will show V ⊂ (a, b). Then, for a fixed y ∈ V we have y ∈ Uq ⊂ U q. So

by our first claim, we have f(y) ≤ q < b. Since y /∈ Up ⊃ Up we also have f(y) ≥ p > a

by the second claim. Therefore, f(y) ∈ [p, q] ⊂ (a, b) and so f is continuous.

Conversely, suppose A and B are disjoint closed sets in X and let f : X → [0, 1]

be a continuous function such that f(A) = 0 and f(B) = 1. Then,

A ⊆ f−1

(
[0,

1

2
)

)
and B ⊆ f−1

(
(
1

2
, 1]

)
.

Note that the preimages f−1([0, 1
2
)) and f−1((1

2
, 1]) are disjoint as f is continuous and

they are open as [0, 1
2
) and (1

2
, 1] are open in the subspace topology. Therefore, we

conclude that X is normal.
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Chapter 3

Unital Banach Algebras and Spectral Theory

This section explores the foundations of spectral theory and the properties of Banach

algebras. Here, we begin by defining important algebraic structures, then build up

to key results such as Gelfand’s spectral radius theorem. We also examine several

properties of invertible elements in the spectrum of Banach algebras.

3.1 Invertibility in unital Banach algebras

In Chapter 2 we defined an algebra, which we now extend to the following.

Definition 3.1. A Banach algebra is an algebra A over C equipped with a norm

making it a Banach space, such that ∥xy∥ ≤ ∥x∥∥y∥ for all x, y ∈ A.

Moreover, an algebra A is a unital algebra if it possesses a multiplicative identity

element. If S is a subset of the Banach algebra A, we say that A is generated by S

if the linear combinations of products of elements of S are dense in A.

Example 3.2. (A = ℓ1(Z) is a commutative unital Banach algebra).

Previously, we have shown that A = ℓ1(Z) is an algebra. It remains to show that

A, with multiplication defined as convolution, is a Banach algebra and contains a

multiplicative identity.

To this end, trivially A = ℓ1(Z) is a Banach space equipped with the norm

∥x∥1 =
∞∑

n=−∞

|xn|.
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Moreover, in showing closure under convolution, we established ∥x ∗ y∥1 ≤ ∥x∥1∥y∥1.

Since ℓ1(Z) is a Banach space and convolution satisfies the required algebraic and

norm properties, it is a Banach algebra.

To verify that δ = δ0 is the unit element, observe that for any x ∈ ℓ1(Z), (x∗δ0)n =∑∞
k=−∞ xkδn−k = xn, since δn−k = 1 only when k = n and is zero otherwise. Thus, δ0

is the multiplicative identity.

Therefore, A = ℓ1(Z) is a unital Banach algebra with convolution as multiplication

and δ0 as the unit element.

Moreover, convolution is commutative:

(x ∗ y)n =
∞∑

k=−∞

xkyn−k =
∞∑

m=−∞

xn−mym = (y ∗ x)n.

Therefore, A = ℓ1(Z) is a commutative unital Banach algebra.

Next, we strengthen the definition of a Banach algebra to that of a C*-algebra.

To do this, we first introduce the concept of an involution, which is an operation that

generalizes the idea of complex conjugation or taking the adjoint of a matrix.

An involution on A is an anti-automorphism of order 2. That is, an involution is

a mapping x 7→ x∗ from A to A that satisfies:

(x+ y)∗ = x∗ + y∗, (λx)∗ = λx∗, (xy)∗ = y∗x∗, x∗∗ = x

for all x, y ∈ A and λ ∈ C. Again, an example of an involution which we will commonly

use is complex conjugation.

If an algebra A is equipped with an involution, A is called a ∗-algebra. Moreover,

a Banach ∗-algebra that satisfies ∥x∗x∥ = ∥x∥2 for all x ∈ A is called a C∗ algebra.

Generally, involutions are not required to satisfy, ∥x∗∥ = ∥x∥; however, in C∗

algebras this property holds. This follows as ∥x∥2 = ∥x∗x∥ ≤ ∥x∗∥·∥x∥ which implies

∥x∥ ≤ ∥x∗∥ and conversely, ∥x∗∥ ≤ ∥(x∗)∗∥ = ∥x∗∗∥ = ∥x∥, and so ∥x∗∥ = ∥x∥.
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If A and B are Banach algebras, a Banach algebra homomorphism from A to

B is a bounded linear map ϕ : A −→ B such that ϕ(xy) = ϕ(x)ϕ(y) holds for all

x, y ∈ A. Similarly, if A and B are ∗−algebras, a ∗−homomorphism from A to B is

a homomorphism such that ϕ(x∗) = ϕ(x)∗ for all x ∈ A.

The elements of the unital Banach algebra A that have two-sided inverses are

called invertible elements. Our next result helps us begin classifying invertible ele-

ments of A.

Lemma 3.3. (Neumann series). Suppose A is a unital Banach algebra and x ∈ A. If

∥x∥ < 1, then e− x is invertible, and (e− x)−1 =
∞∑
n=0

xn.

Proof. First note, e − xN+1 = (e − x)(
∑N

n=0 x
n), implying e−xN+1

e−x
=
∑N

n=0 x
n. Since

∥x∥ < 1, as N → ∞, it follows that e−xN+1

e−x
→ e

e−x
and

∑N
n=0 x

n →
∑∞

n=0 x
n. Thus,∑∞

n=0 x
n = e

e−x
= (e− x)−1.

Moreover, (e−x)(
∑N

n=0 x
n) = e−xN+1 → e, and (

∑N
n=0 x

n)(e−x) = e−xN+1 → e

as N → ∞. Therefore e− x is invertible.

Similarly, as (e− x)−1 =
∑∞

0 xn, it follows that ∥(e− x)−1∥ ≤ 1

1− ∥x∥
. To show

this, consider the partial sum
∑m

n=0 x
n. Then, ∥

∑m
n=0 x

n∥ ≤
∑m

n=0 ∥x∥n, and letting

m −→ ∞, we see that

∥(e− x)−1∥ =

∥∥∥∥∥
∞∑
n=0

xn

∥∥∥∥∥ ≤
∞∑
n=0

∥x∥n =
1

1− ∥x∥
.

This result provides a way to understand the invertibility of elements in a Banach

algebra, specifically when they lie inside the unit ball of the algebra. We can further

generalize this idea to study the invertibility of more general elements, such as those

of the form λe− x or x− y, in unital Banach algebras.

Theorem 3.4. Let A be a unital Banach algebra.

1. If |λ| > ∥x∥ then λe− x is invertible, and its inverse is
∑∞

0 λ−n−1xn.
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2. If x is invertible and ∥y∥ < ∥x−1∥−1, then x− y is invertible, and

(x− y)−1 = x−1

∞∑
0

(yx−1)n.

3. If x is invertible and ∥y∥ ≤ 1
2
∥x−1∥−1 then ∥(x− y)−1 − x−1∥ ≤ 2∥x−1∥2 · ∥y∥.

4. The set of invertible elements of A is open, and the mapping x 7→ x−1 is con-

tinuous on it.

Proof. To prove the first claim, let |λ| > ∥x∥. Then λe − x = λ(e − λ−1x) and so

∥λ−1x∥ = |λ−1| · ∥x∥ = ∥x∥
|λ| < 1. Thus by Lemma 3.3, λe−x is invertible with inverse,

(λe− x)−1 = (λ(e− λ−1x))−1 = λ−1(e− λ−1x)−1 = λ−1

(
∞∑
n=0

(λ−1x)n

)

=
∞∑
n=0

λ−n−1xn.

For the second claim, suppose that x is invertible and ∥y∥ < ∥x−1∥−1. Then, x− y =

x(e − yx−1). Moreover, ∥y∥ < ∥x−1∥−1 implies ∥y∥ · ∥x−1∥ < 1 and so ∥yx−1∥ ≤

∥y∥ · ∥x−1∥ < 1. Thus, x− y is invertible by Lemma 3.3 and its inverse is given by,

(x− y)−1 = ((e− yx−1)x)−1 = x−1(e− yx−1)−1 = x−1

(
∞∑
n=0

(yx−1)n

)
.

For the third claim, suppose x is invertible and let ∥y∥ ≤ 1
2
∥x−1∥−1. Then

∥y∥ < ∥x−1∥−1 so by the previous, x−y is invertible, and (x−y)−1 = x−1
∑∞

n=0(yx
−1)n.

Then,

(x− y)−1 − x−1 =

(
x−1

∞∑
n=0

(yx−1)n

)
− x−1 = x−1

(
∞∑
n=0

(yx−1)n − 1

)

= x−1

∞∑
n=1

(yx−1)n.
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Therefore, we see that

∥(x− y)−1 − x−1∥ = ∥x−1

∞∑
n=1

(yx−1)n∥ ≤ ∥x−1∥
∞∑
n=1

(∥y∥ · ∥x−1∥)n

= ∥x−1∥ ∥y∥ · ∥x−1∥
1− ∥y∥ · ∥x−1∥

≤ ∥x−1∥ ∥y∥ · ∥x−1∥
1− 1

2
∥x−1∥−1 · ∥x−1∥

= 2∥x−1∥2 · ∥y∥.

Lastly, to show the fourth claim, denote the set of invertible elements of A by Inv(A).

To show Inv(A) is open, let x ∈ Inv(A), y ∈ A and h = x−y. Then for ∥h∥ < ∥x−1∥−1,

it follows from (2) that

x− h = x− (x− y) = y ∈ Inv(A).

Thus b∥x−1∥−1(x) ⊆ Inv(A), and so we conclude that Inv(A) is open. It remains to

show that x 7→ x−1 is continuous on Inv(A).

To that end, for all ε > 0 let δ = min{ ε
2∥x−1∥2 ,

1
2
∥x−1∥−1} and consider an arbitrary

sequence (xn) converging to some x on Inv(A). Define the sequence (yn) by yn =

x − xn. As Inv(A) is open, there exists some N ∈ N such that for all n ≥ N,

bδ(x) ⊆ Inv(A). Then whenever ∥yn∥ = ∥x− xn∥ < δ, by (3) we have

∥x−1
n − x−1∥ = ∥(x− yn)

−1 − x−1∥ ≤ 2∥x−1∥2 · ∥yn∥ < 2∥x−1∥2 · ε

2∥x−1∥2
= ε.

Therefore, x 7→ x−1 is continuous on Inv(A).
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3.2 Spectral theory

The last result provides a framework to understand invertibility in a unital Banach

algebra, particularly for elements of the form λe − x or x − y. This leads to the

concept of the spectrum of an element x, which is the set of scalars λ such that λe−x

is not invertible.

Definition 3.5. If x ∈ A, the spectrum of x is

σ(x) = {λ ∈ C : λe− x is not invertible}.

Note, by parts 1 and 4 of Theorem 3.4, σ(x) is a closed subset of the disk

{λ : |λ| ≤ ∥x∥}. Moreover, when we equip an algebra with an involution, additional

structure and symmetry arise, which are reflected in the behavior of the spectrum

under the involution. This leads us to the following proposition, which establishes

key properties of the involution in a unital Banach ∗-algebra.

Proposition 3.6. Let A be a unital Banach ∗-algebra.

1. e = e∗.

2. If x is invertible, then so is x∗, and (x∗)−1 = (x−1)∗.

3. σ(x∗) = σ(x) for any x ∈ A.

Proof. Suppose A is a unital Banach ∗−algebra, and let x ∈ A. For the first claim,

observe that, x∗ = (xe)∗ = e∗x∗, and so e∗ is a multiplicative identity. Thus, e∗ = e.

For the second claim, suppose x ∈ A is invertible. Then there exits x−1 ∈ A such

that xx−1 = e. Applying the involution to both sides, we see (x−1)∗x∗ = (xx−1)∗ =

e∗ = e and so x∗ is invertible. Moreover, (x∗)−1x∗ = e∗ = (xx−1)∗ = (x−1)∗x∗, implies

that (x∗)−1 = (x−1)∗.
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For the last claim, observe that for λ ∈ σ(x∗), we have λe − x∗ is not invertible

and so (λe − x∗)∗ = λe − x is not invertible. Thus, λ ∈ σ(x) implies λ ∈ σ(x) and

so σ(x∗) ⊆ σ(x). For reverse inclusion, the same argument holds with reverse order.

Therefore, σ(x∗) = σ(x).

To further analyze the spectrum of an element x, it is useful to introduce the

concept of the resolvent of x.

Definition 3.7. For λ /∈ σ(x), the resolvent of x is the element

R(λ) = Rx(λ) = (λe− x)−1.

Using the resolvent, we now aim to show that the spectrum of an element is always

nonempty. First, we recall the following definition.

Definition 3.8. Let G be a region of C and consider f : G −→ C. Then f is analytic

if f is continuously differentiable on G.

That is, f ′ exists and is also continuous. A function that is defined and analytic

in the whole complex plane is said to be an entire function.

Lemma 3.9. R(λ) is an analytic function of λ ∈ C \ σ(x).

Proof. For λ ∈ C \ σ(x), let R(λ) denote the resolvent of x. By Theorem 3.4, R(λ)

is continuous. To show it is differentiable, suppose λ, µ /∈ σ(x). Then,

R′(λ) = lim
µ−→λ

R(λ)−R(µ)

λ− µ
= lim

µ−→λ
(

1

λ− µ
)(

1

λe− x
− 1

µe− x
)

= lim
µ−→λ

(
1

λ− µ
)(
(µe− x)− (λe− x)

(µe− x)(λe− x)
)

= lim
µ−→λ

e(µ− λ)

(λ− µ)(µe− x)(λe− x)

= lim
µ−→λ

−R(µ)R(λ)

= −R(λ)2.
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Thus, R(λ) is an analytic function of C \ σ(x).

This shows that R(λ) is an analytic A-valued function on the open set C \ σ(x).

In particular, this implies that for any bounded linear functional ϕ, ϕ ◦ R(λ) is an

ordinary C-valued analytic function of λ. Next, we wish to show σ(A) is always

nonempty. For this, we need the following theorem from Complex analysis.

Theorem 3.10 (Liouville’s theorem [2], 3.4.). If f is a bounded entire function, then

f is constant.

Using these, we can now show that the spectrum of any element in a Banach

algebra is nonempty by analyzing the behavior of the resolvent function.

Proposition 3.11. σ(x) is nonempty for every x ∈ A.

Proof. If σ(x) is empty, by Lemma 3.9, R(λ) is analytic in all of C and so it is entire.

Additionally,

lim
λ−→∞

∥R(λ)∥ = lim
λ−→∞

∥(λe− x)−1∥ = lim
λ−→∞

|λ|−1 · ∥(e− λ−1x)−1∥

= lim
λ−→∞

∥(e− λ−1x)−1∥
|λ|

= 0,

implying R(λ) is also bounded. Thus, by Theorem 3.10 (Liouville’s theorem), R(λ)

would be constant. Moreover, R(λ) would be identically zero, a contradiction. Thus,

σ(x) is nonempty.

This result has great implications for the structure of Banach algebras. In par-

ticular, it leads to a fundamental theorem in the theory of Banach algebras: the

Gelfand-Mazur theorem. This theorem characterizes Banach algebras in which every

nonzero element is invertible, showing that they are isomorphic to C.



25

Theorem 3.12. (Gelfand-Mazur theorem).

If A is a Banach algebra where every nonzero element is invertible, then A ∼= C.

Proof. Suppose A is a Banach algebra in which every nonzero element is invertible.

Consider Ce = {λe : λ ∈ C} and let x ∈ A. If x /∈ Ce, then x ̸= λe for every λ ∈ C.

Then, λe− x is invertible for all λ ∈ C which implies σ(x) is empty, a contradiction

to Proposition 3.11.

Therefore, since x ∈ Ce, it follows that A ⊆ Ce, which leads to the conclusion

that A = Ce. Moreover, as λe 7→ λ is an isomorphism between Ce and C, it follows

that A ∼= C.

To further analyze the spectrum of an element in a Banach algebra, we introduce

the spectral radius.

Definition 3.13. If x ∈ A, the spectral radius of x is

ρ(x) = sup{|λ| : λ ∈ σ(x)}.

Note that the contrapositive of Theorem 3.4, part 1, gives an upper bound for

ρ(x). The next result lets us improve on this bound.

Theorem 3.14. (Gelfand spectral radius theorem).

ρ(x) = lim
n→∞

∥xn∥1/n.

Proof. First note, λne−xn = (λe−x)
∑n−1

j=0 λ
jxn−1−j and so if λne−xn is invertible, so

is λe−x. This implies that if λe−x is not invertible, λne−xn is not invertible. Thus,

λ ∈ σ(x) implies λn ∈ σ(xn). By the contrapositive of Theorem 3.4, for λn ∈ σ(xn),

we have |λn| = |λ|n ≤ ∥xn∥, which implies |λ| ≤ ∥xn∥1/n.

Taking the lim inf of both sides, we have lim inf
n→∞

|λ| ≤ lim inf
n→∞

∥xn∥1/n which implies,
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|λ| ≤ lim inf
n→∞

∥xn∥1/n for any λ ∈ σ(x). Thus,

sup{|λ| : λ ∈ σ(x)} = ρ(x) ≤ lim inf
n→∞

∥xn∥1/n.

Conversely, let ϕ be a bounded linear functional in A∗, the dual space of A.

Define Tn(ϕ) = λ−nϕ(xn), for ϕ ∈ A∗, n ∈ N and let A = {Tn}n∈N denote this family

of operators. Then,

[ϕ ◦R(λ)](x) = ϕ(Rx(λ)) = ϕ((λe− x)−1) (|λ| > ρ(x))

is analytic as ϕ(Rx(λ)) is continuous. By Theorem 3.4, the laurent series of ϕ ◦R(λ)

is

[ϕ ◦R(λ)](x) = ϕ(Rx(λ)) = ϕ

(
∞∑
n=0

λ−n−1xn

)
=

∞∑
n=0

λ−n−1ϕ(xn)

which is absolutely convergent for |λ| > ρ(x), and is analytic. Then,

∞∑
n=0

λ−n−1ϕ(xn) = λ−1

∞∑
n=0

λ−nϕ(xn)

and so λ−1(
∑∞

n=0 |λ−nϕ(xn)|) converges. Thus, sup
T∈A

∥Tn(ϕ)∥ = sup
T∈A

∥λ−nϕ(xn)∥ < ∞,

for all ϕ ∈ A∗. By Theorem 2.13 (Uniform Boundedness Principle), as ϕ ◦ R(λ) :

A∗ \σ(x) −→ C, we have sup
T∈A

∥λ−nxn∥ < ∞. Thus, there exists some C < ∞ such that

sup
T∈A

∥λ−nxn∥ ≤ C and so

|λ|−n∥xn∥ = |λ−n|∥xn∥ = ∥λ−nxn∥ ≤ C.

Thus, |λ|−n∥xn∥ ≤ C, which implies ∥xn∥ ≤ |λ|nC, and so ∥xn∥1/n ≤ (C|λ|n)1/n =

C1/n|λ|. Taking the lim sup of both sides, we see that

lim sup
n→∞

∥xn∥1/n ≤ lim sup
n→∞

C1/n|λ| = |λ| lim sup
n→∞

C1/n
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Thus, as lim
n→∞

C1/n = 1, we have

lim sup
n→∞

∥xn∥1/n ≤ |λ| ≤ ρ(x).

Therefore, lim sup
n→∞

∥xn∥1/n ≤ ρ(x) ≤ lim inf
n→∞

∥xn∥1/n, which implies that,

ρ(x) = lim
n−→∞

∥xn∥1/n.

Note, to show lim
n→∞

C1/n = 1, let C = eln(C). Then, lim
n−→∞

C1/n = lim
n−→∞

e
ln(C)

n =

e0 = 1.
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Chapter 4

Gelfand Theory

Multiplicative functionals, maximal ideals, and the spectrum of an algebra are deeply

connected. In this section, we see how these interact in the structure of a commutative

unital Banach algebra. Specifically, we establish a one-to-one correspondence between

the set of multiplicative functionals and the set of maximal ideals. We then establish

the Gelfand transform and build up to the Gelfand-Naimark theorem. We lastly

examine a specific case of the Gelfand transform, on L1(R).

4.1 Ideals and the Spectrum

Definition 4.1. Let A be a commutative unital Banach algebra. A multiplicative

functional on A is a nonzero homomorphism from A to C. The set of all multiplicative

functionals on A is called the spectrum of A, denoted by σ(A).

We begin this section by exploring the properties of multiplicative functionals. The

following establishes characteristics such as their behavior on the identity element,

invertible elements, and their relationship to the algebra norm.

Proposition 4.2. Suppose h ∈ σ(A).

1. h(e) = 1.

2. If x is invertible in A, then h(x) ̸= 0.

3. |h(x)| ≤ ∥x∥ for all x ∈ A.
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Proof. Suppose that h ∈ σ(A). For the first claim, let x ∈ A such that h(x) ̸= 0.

Then h(x) = h(ex) = h(e)h(x). Thus, it follows that h(e) = 1.

For the second claim, suppose that x ∈ A is invertible. Then, there exists x−1 ∈ A

such that xx−1 = x−1x = e. Since h(x)h(x−1) = h(xx−1) = h(e) = 1, it follows that

h(x) ̸= 0.

For the last claim, suppose that |λ| > ∥x∥. Then by Theorem 3.4 λe − x is

invertible, which implies that λ−h(x) = h(λe−x) ̸= 0. Taking λ = h(x), we see this

is a contradiction. Therefore, |h(x)| ≤ ∥x∥.

Part (3) of Proposition 4.2 says that σ(A) is a subset of the closed unit ball B

of A∗. Additionally, σ(A) is made into a topological space by imposing its weak∗

topology as a subset of A∗, which is the topology of point-wise convergence on A.

In view of (1) from Proposition 4.2, for an algebra homomorphism h : A → C,

the conditions h ̸= 0 and h(e) = 1 are equivalent. Thus,

σ(A) := {h ∈ B : h(e) = 1 and h(xy) = h(x)h(y) for all x, y ∈ A}.

As h(e) = 1 and h(xy) = h(x)h(y) are preserved under point-wise limits, it

follows that σ(A) is a closed subset of B in the weak∗ topology. Thus, by Theorem

2.22 (Banach-Alaoglu theorem), σ(A) ⊆ B is a compact Hausdorff space.

Next, we begin to explore the relationship between multiplicative functionals and

maximal ideals.

Definition 4.3. If A is any algebra, the left (right) ideal of A is a subalgebra J

of A such that xy ∈ J whenever x ∈ A and y ∈ J (x ∈ J and y ∈ A). If A is

commutative, it is called an ideal instead of a left or right ideal.

Moreover, we say J is a proper ideal of A if J ̸= A. If A is a unital Algebra,

then J is proper if and only if e /∈ J . This follows as if e ∈ J , then for any x ∈ A
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we have x = ex = xe ∈ A, implying A = J . Lastly, we say J is a maximal ideal if it

is a proper ideal that is not contained in any larger proper ideal.

Ideals are key to understanding the structure of a Banach algebra. The next

proposition establishes several properties of ideals such as their relationship to in-

vertibility.

Proposition 4.4. Let A be a commutative unital Banach algebra, and J ⊂ A be a

proper ideal.

1. J contains no invertible elements.

2. The closure of J , denoted J , is a proper ideal.

3. J is contained in a maximal ideal.

4. If J is a maximal ideal, then J is closed.

Proof. To prove the first, let J be a proper ideal of A and suppose that x ∈ J is

invertible. Then there exists some x−1 ∈ A such that x · x−1 = e ∈ J . Thus, for any

y ∈ A, we have e · y = y ∈ J , so A ⊆ J . Therefore, J = A, but since J is a proper

ideal, it follows that J cannot contain any invertible elements.

Now for the second, if J is a proper ideal of A, then from (1), it contains no

invertible elements. Thus, J is contained in the set of non-invertible elements of A.

By part 4 of Theorem 3.4, the set of invertible elements is open, which implies that

the set of non-invertible elements is closed. Therefore, J is also contained in the set

of non-invertible elements, so e /∈ J .

To show that J is an ideal, let x ∈ J and y ∈ A. Since J is closed, there exists

a sequence (xn) ∈ J such that xn → x as n → ∞. As J is an ideal, xn · y ∈ J for all

n. Moreover, since multiplication is continuous, xn · y → x · y, so x · y ∈ J . Therefore,

J is a proper ideal of A.
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For the third, let S be the set of all proper ideals that contain J . That is,

S := {I ⊂ A : I is a proper ideal, and J ⊆ I}.

Note that J ⊂ A and J ⊆ J , so S is nonempty.

Next, define a partial ordering on S by I1 ≤ I2 whenever I1 ⊆ I2. Suppose {Iα}α∈A

is a chain in S, and define I :=
⋃
α∈A

Iα. We claim that I ∈ S is an upper bound for

{Iα}α∈A.

Observe that I ∈ S is an upper bound, as for any α0 ∈ A, we have Iα0 ⊆
⋃
α∈A

Iα =

I, and so Iα0 ≤ I. It remains to show that I ∈ S.

To this end, for any α ∈ A, note that J ⊆ Iα, so J ⊂
⋃
α∈A

Iα. To see that I is

proper, for any α ∈ A observe that e /∈ Iα, as each Iα is proper. Thus, e /∈
⋃
α∈A

Iα = I.

Lastly, to show I is an ideal, suppose x ∈ I and y ∈ A. Then there exists some α0 ∈ A

such that x ∈ Iα0 . As Iα0 is an ideal, it follows that x·y ∈ Iα0 , and so x·y ∈
⋃
α∈A

Iα = I.

Thus, every chain {Iα}α∈A in S has an upper bound in S. By Lemma 2.3 (Zorn’s

lemma), S has a maximal element, call it M. Therefore, as J ⊂ M, it follows J is

contained in a maximal ideal.

Lastly, for the fourth, suppose J is a maximal ideal. From (2), J is a proper

ideal, which contains J . Thus, J being maximal implies that J = J and so J is

closed.

Next, we recall a fundamental result about the quotients of Banach algebras.

Proposition 4.5. If A is a Banach algebra and J is a closed ideal of A, then A/J

is a Banach algebra.

Proof. Suppose A is a Banach algebra, and J ⊆ A is a closed ideal. To show that

A/J is an algebra, define multiplication on A/J by

[a] · [b] := [a · b],
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where [a] = a+ J and [b] = b+ J .

To show this is well defined, suppose [a1] = [a2] and [b1] = [b2]. Then, a1− a2 ∈ J

and b1 − b2 ∈ J , so

a1b1 − a2b2 = a1(b1 − b2) + (a1 − a2)b2 ∈ J ,

as J is an ideal. Thus, a1b1 − a2b2 ∈ J implies that [a1b1] = [a2b2], and so multipli-

cation is well-defined. Therefore, A/J inherits the algebraic structure from A, and

so A/J is an algebra.

To see that A/J is a Banach algebra, define the norm on A/J to be the quotient

norm:

∥[a]∥A/J := inf
j∈J

∥a+ j∥A.

First, we will show this satisfies the norm inequality for a Banach algebra. To this

end, consider arbitrary a, b ∈ A and j1, j2 ∈ J . Then, for all ε > 0, there exists

j1, j2 ∈ J such that ∥a + j1∥A ≤ ∥[a]∥A\J + ε and ∥b + j2∥A ≤ ∥[b]∥A\J + ε. Next,

for ab+ j ∈ A \ J , take j = aj2 + j1b+ j1j2, which is clearly in J . Then

∥ab+ j∥A = ∥ab+ (aj2 + j1b+ j1j2)∥A = ∥(a+ j1)(b+ j2)∥A

≤ ∥a+ j1∥A∥b+ j1∥A

≤ (∥[a]∥A\J + ε)(∥[b]∥A\J + ε).

Since ∥[ab]|A\J is the infimum over all j ∈ J , we have

∥[ab]|A\J ≤ ∥ab+ j∥A ≤ (∥[a]∥A\J + ε)(∥[b]∥A\J + ε),

for all ε > 0. Thus, as ε → 0, we have

∥[ab]|A\J ≤ ∥[a]∥A\J ∥[b]∥A\J .
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Lastly, we show that A/J is complete. To that end, consider a Cauchy sequence

of equivalence classes ([an])n∈N in A/J . Then, for all ε > 0 there exists an N ∈ N

such that for all m,n ≥ N,

∥[an]− [am]∥A/J = inf
j∈J

∥(an − am) + (jn − jm)∥A < ε, (∗)

which implies that

inf
j∈J

∥an − am∥A + inf
j∈J

∥jn − jm∥A ≤ inf
j∈J

∥(an − am) + (jn − jm)∥A < ε.

Taking jn = jm, we see that inf
j∈J

∥an − am∥A = ∥an − am∥A < ε, and so (an)n∈N is a

Cauchy sequence in A. As A is a Banach algebra, it is complete and so there exists

an a ∈ A such that an → a as n → ∞. As a+ J is in A/J , it remains to show that

[an] → [a].

To that end, from (∗), there exists an n ∈ N such that for all m,n ≥ N, we have

∥[an]− [am]∥A/J = inf
j∈J

∥(an − am) + j∥A <
ε

2
.

Taking the limit as m → ∞, we see that

lim
m→∞

inf
j∈J

∥(an − am) + j∥A = ∥(an − a) + j∥ ≤ ε

2
.

Thus, ∥[an]− [a]∥A/J ≤ ε
2
< ϵ, and so ([an])n∈]N converges to [a] in A/J . Therefore,

A/J is a Banach algebra.

The construction of quotient Banach algebras from closed ideals provides a tool

for analyzing the original algebra. Our next major result establishes a one-to-one

correspondence between the set of maximal ideals and the spectrum of a commutative

Banach algebra. To build towards this, we need the following result and definition.
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Definition 4.6. If W is a subspace of a finite-dimensional vector space V, then the

co-dimension of W in V is dim(V )− dim(W ).

Proposition 4.7. If A is a commutative Banach algebra, then an ideal is maximal

if and only if it has co-dimension one.

Proof. First, suppose I is a maximal ideal of A. Note that I is a closed ideal by

Proposition 4.4 and so A/I is a field by Proposition 2.8. Moreover, as A is a Banach

algebra, it follows thatA/I is a Banach algebra by Proposition 4.5. Thus, by Theorem

3.12 (Gelfand-Mazur theorem), it follows that A/I ∼= C. Therefore, dim(A/I) = 1

and so the codimension of I is 1.

Conversely, suppose I is an ideal of A such that I has codimension 1. Since A/I

is a one-dimensional vector space over C, it follows that A/I ∼= C. Therefore A/I is

a field, and we conclude that I is a maximal ideal by Proposition 2.8.

The relationship highlighted in the previous leads us the the main result of this

section: a one-to-one correspondence between the spectrum and the set of maximal

ideals in a commutative unital Banach algebra A.

Theorem 4.8. Let A be a commutative unital Banach algebra. Then the map h 7→

ker(h) is a one-to-one correspondence between σ(A) and the set of maximal ideals in

A.

Proof. Let A be a commutative unital Banach algebra. If h ∈ σ(A), then ker(h) is

an ideal as for any x ∈ ker(h) and y ∈ A we have,

h(xy) = h(x)h(y) = 0 · h(y) = 0,

implying xy ∈ ker(h). Additionally, ker(h) is also a proper ideal as h(e) = 1 and so

e /∈ ker(h).
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Since h is a multiplicative functional on A, it is a nonzero homomorphism from

A to C, so consider Im(h) ⊂ C. As C is one-dimensional, the only subspaces of C are

the trivial subspace or C itself. As h is not the zero map, it follows that Im(h) = C.

Thus h is surjective.

By Theorem 2.6 (First Isomorphism theorem), h̃ : A/ ker(h) → C is a well-

defined algebra homomorphism and h̃ is injective. Moreover, as h is surjective, h̃

induces an isomorphism between A/ ker(h) and C. Thus, the codimesion of ker(h)

is dim(A/ ker(h)) = dim(C) = 1. Therefore, by Proposition 4.7, ker(h) is a maximal

ideal of A.

Next, let g, h ∈ σ(A) such that ker(g) = ker(h). Define f : A → C such that

f(x) = h(x) − g(x), which is clearly a homomorphism. Suppose x ∈ ker(f). Then

f(x) = h(x) − g(x) = 0 and so h(x) = g(x). Thus, the mapping h 7→ ker(h) is an

injection from σ(A) to the set of maximal ideals.

On the other hand, let M be a maximal ideal of A and consider the standard

quotient map π : A → A/M. As M is a maximal ideal, it is closed by Proposition

4.4. Thus, A/M is a Banach algebra by Proposition 4.5, with the quotient norm:

∥x+M∥A/M = inf
m∈M

∥x+m∥.

Additionally, as M is maximal, by Proposition 2.8, A/M is a field, and so every

nonzero element is invertible. Then, by Theorem 3.12 (Gelfand-Mazur theorem), it

follows that A/M ∼= C. Let ϕ denote this isomorphism. Then ϕ ◦ π : A → C is a

nonzero multiplicative linear functional on A whose kernel is M.

Therefore, h 7→ ker(h) is a one-to-one correspondence between σ(A) and the set

of maximal ideals.
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4.2 The Gelfand transform

For an element x ∈ A, we begin by defining the function x̂ on σ(A) as

x̂(h) = h(x).

Observe that x̂ is continuous on σ(A), as the topology on σ(A) is the weak∗ topology:

the topology of point-wise convergence on A.

Definition 4.9. The map x 7→ x̂ from A to C(σ(A)) is called the Gelfand transform

on A which is denoted by ΓA or simply Γ :

Γ(x) = ΓA(x) = x̂.

Theorem 4.10. Suppose A is a commutative unital Banach algebra and x ∈ A.

1. The Gelfand transform is a homomorphism from A to the set of continuous

functions on the spectrum of A, C(σ(A)). Moreover, ê is the constant function

1.

2. x is invertible if and only if x̂ never vanishes.

3. range(x̂) = σ(x).

4. ∥x̂∥sup = ρ(x) ≤ ∥x∥

Proof. Let A is a commutative unital Banach algebra. To prove the first, consider

the Gelfand transform ΓA. Then for any x, y ∈ A, and h ∈ σ(A), we have, x̂+ y(h) =

h(x+ y) = h(x) + h(y) = x̂(h) + ŷ(h). Similarly, we have x̂ · y(h) = h(x · y) = h(x) ·

h(y) = x̂(h) · ŷ(h), and for any λ ∈ C, λ̂x(h) = h(λx) = λh(x) = λx̂(h). Moreover,

as h ∈ σ(A) and x̂ is continuous on σ(A), it follows that ΓA is a homomorphism

mapping A to C(σ(A)). Moreover, ê(h) = h(e) = 1.
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For the second, suppose x ∈ A. Observe that if x is not invertible, then by

Proposition 4.4, the ideal generated by x is proper. Further, x is contained in a

maximal ideal by the same proposition. Thus, by Theorem 4.8, we have h(x) = 0

for some h ∈ σ(A). Therefore, x̂(h) = h(x) vanishes for some h ∈ σ(A). For the

other direction, the same argument holds but with the order reversed. Therefore, x

is invertible if and only if x̂ never vanishes.

For the third, suppose f(x) ∈ range(x̂) and take λ = f(x). Then,

f(λe− x) = f(λe)− f(x) = λf(e)− f(x) = λ− f(x) = f(x)− f(x) = 0.

Thus, by (2), λe− x is not invertible and so λ ∈ σ(x).

Conversely, suppose that x ∈ A and λ ∈ σ(x). Then λe− x is not invertible, and

so by (2), there exists some g ∈ σ(x) such that g(λe− x) = 0. Then, 0 = g(λe− x) =

g(λe) − g(x) = λ − g(x) which implies g(x) = λ and so λ ∈ range(x̂). Therefore, we

conclude that range(x̂) = σ(x).

To prove the last claim, by the previous we have,

∥x̂∥sup = sup{|x̂(h)| : h ∈ σ(A), x ∈ A}

= sup{|h(x)| : h(x) ∈ range(x̂)}

= sup{|λ| : λ = h(x), λ ∈ σ(x)}

= ρ(x).

Additionally, by Theorem 3.4, ρ(x) ≤ ∥x∥. Therefore, ∥x̂∥sup = ρ(x) ≤ ∥x∥.

Theorem 4.10 establishes key properties of the Gelfand transform, including its

role as a homomorphism and its connection to the spectrum of elements in a commu-

tative unital Banach algebra. These results highlight the connection of the Gelfand

transform between the structure of A to the structure of C(σ(A)).
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When A is equipped with an involution, additional symmetry arises. Specifically,

where the Gelfand transform interacts with the involution.

Definition 4.11. A ∗-algebra A is called symmetric if x̂∗ = x̂.

That is, the Gelfand transform takes the involution on A to the canonical involu-

tion (complex conjugation) on C(σ(A)).

Before our next result, recall the following definition and theorem.

Definition 4.12. A subalgebra B of an algebra A is a subset B ⊆ A that is itself an

algebra under the same operations.

Theorem 4.13 (Stone-Weierstrass theorem [5], 4.45.). , Suppose X is a compact

Hausdorff space and A is a subalgebra of C(X). If A separates points, contains the

constant function, and is closed under conjugation, then A is dense in C(X).

The Stone-Weierstrass theorem proves to be a powerful tool, as it will help us

establish the density of ΓA in C(σ(A)), as we will see in the following.

Proposition 4.14. Suppose A is a commutative unital Banach ∗-algebra.

1. A is symmetric if and only if x̂ is real-valued whenever x = x∗.

2. If A is a C∗ algebra, A is symmetric.

3. If A is symmetric, Γ(A) is dense in C(σ(A)).

Proof. To prove the first, first suppose that A is symmetric and that x = x∗. Since

A is symmetric, we have x̂∗ = x̂. Then, x̂ = x̂∗ = x̂, and so x̂ is real-valued.

Conversely, suppose that x ∈ A, h ∈ σ(A) and x̂ is real-valued whenever x = x̂.

We decompose x into its symmetric and anti-symmetric parts: x = u + iv. Define

u = x+x∗

2
and v = x−x∗

2i
. Then u = u∗ and v = v∗, which follows as,

u∗ =

(
x+ x∗

2

)∗

=
x∗ + x∗∗

2∗
=

x∗ + x

2
=

x+ x∗

2
= u,
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and

v∗ =

(
x− x∗

2i

)∗

=
x∗ − x∗∗

(2i)∗
=

x∗ − x

−2i
=

x− x∗

2i
= v.

Since u = u∗ and v = v∗, û and v̂ are real-valued. Moreover, x = u + iv, and

x∗ = (u+ iv)∗ = u∗ − iv∗ = u− iv, and so

x̂∗(h) = h(x∗) = h(u− iv) = h(u)− ih(v) = h(u) + ih(v) = h(u+ iv) = h(x) = x̂(h).

Therefore, x̂∗ = x̂, holds for all x ∈ A, and so A is symmetric.

To prove the second, suppose A is a C∗ algebra, and x = x∗ ∈ A. Let h ∈ σ(A)

such that x̂(h) = h(x) = α + iβ, for some real-valued α and β. For some t ∈ R,

consider z = x+ ite. Then we have,

h(z) = h(x+ ite) = h(x) + ith(e) = (α + iβ) + it = α + i(β + t),

and

z∗z = (x+ ite)∗(x+ ite) = (x∗ + e∗t∗i∗)(x+ ite) = (x− ite)(x+ ite) = x2 + t2e.

Thus,

α2 + (β + t)2 = ∥α + i(β + t)∥2 = ∥h(z)∥2 ≤ ∥z∥2 = ∥z∗z∥ = ∥x2 + t2e∥

≤ ∥x2∥+ t2,

where the first inequality follows by Proposition 4.2. Then α2+β2+2βt+t2 ≤ ∥x2∥+t2

implies that α2 + β2 + 2βt ≤ ∥x2∥ for all t ∈ R. This forces 2βt = 0 and so β = 0.

But then, h(x) = α + iβ = α, so h(x) = x̂(h) is real. Therefore, by (2), we conclude

that A is symmetric.

To prove the third, we first show ΓA is a subalgebra of C(σ(A)). For this, we must
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show it is closed under the operations of C(σ(A)). To that end, let x̂, ŷ ∈ C(σ(A))

and h ∈ σ(A). First, for addition on ΓA we have,

(x̂+ ŷ)(h) = x̂(h) + ŷ(h) = h(x) + h(y) = h(x+ y) = ̂(x+ y)(h).

Similarly for multiplication,

(x̂ · ŷ)(h) = x̂(h) · ŷ(h) = h(x) · h(y) = h(x · y) = (̂x · y)(h).

Finally, for scalar multiplication, let λ ∈ C. Then,

λ̂x(h) = h(λx) = λh(x) = λx̂(h).

Since ΓA ⊆ C(σ(A)), ΓA inherits the algebraic structure of C(σ(A)). Therefore, ΓA

is a subalgebra of C(σ(A)).

Moreover, since A is symmetric, from the previous we have x̂ is real-valued when-

ever x = x∗. Therefore, ΓA is closed under complex conjugation. By Theorem 4.10, ê

is the constant function 1 and so ΓA contains the constant function. Lastly, for any

h1, h2 ∈ σ(A), there exists an a ∈ A such that h1(a) ̸= h2(a). Thus, â(h1) ̸= â(h2),

and so ΓA separates points on σ(A).

Therefore, by the Theorem 4.13 (Stone-Weierstrass theorem), as σ(A) is a compact

Hausdorff space, it follows that ΓA is dense in C(σ(A)).

Our next major result establishes a homeomorphism between the spectrum of an

element and the spectrum of an algebra. For this, we need the following.

Lemma 4.15. Let X and Y be compact Hausdorff spaces. If f : X → Y is a contin-

uous and injective map, then f is a homeomorphism from X onto its image f(X).

Proof. Suppose X and Y are compact Hausdorff spaces and let f be a continuous

injection. Since the image of a compact set under a continuous map is compact, it
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follows that f(X) is compact in Y. Moreover, as Y is Hausdorff and f(X) ⊆ Y, it

follows that f(X) is closed in Y. Therefore, by Theorem 2.24, f is a homeomorphism

onto its image.

Proposition 4.16. If x0 ∈ A, x̂0 is a homeomorphism from σ(A) to σ(x0) in each

of the following cases:

1. A is generated by x0 and e;

2. x0 is invertible and A is generated by x0 and x−1
0 ;

3. A is symmetric and A is generated by x0, x
∗
0, and e.

Proof. Suppose x0 ∈ A. By Theorem 4.10 range(x̂0) = σ(x0) and so x̂0 maps σ(A) to

σ(x0). As x̂0 is continuous, and both σ(A) and σ(x0) are compact Hausdorff spaces,

by Lemma 4.15 it suffices to show that x̂0 is injective. To that end, observe that in

each of the three following cases, any h ∈ σ(A) is completely determined by its action

on x0.

1. If A is generated by x0 and e, this is clear.

2. Let x0 be invertible and suppose thatA is generated by x0 and x−1
0 . As h ∈ σ(A)

is a multiplicative functional, we have,

x̂−1
0 (h) = h(x−1

0 ) = h(x0)
−1 = x̂0

−1(h).

3. Suppose A is symmetric, and that its generated by x0, x
∗
0, and e. Then,

x̂∗
0(h) = h(x∗

0) = h(x0) = x̂0(h).

So, suppose that h1, h2 ∈ σ(A). As any h ∈ σ(A) is completely determined by its

action on x0, it follows that if x̂0(h1) = x̂0(h2), then h1 = h2. Therefore, x̂0 is an
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injection, and so by Lemma 4.15, x̂0 is a homeomorphism from σ(A) to σ(x0) in all

three cases.

This result is the motivation for calling σ(A) the spectrum of A. We now examine

how the Gelfand transform establishes a homeomorphism from a compact Hausdorff

space X, to the spectrum of the set of continuous functions on X.

Theorem 4.17. Let X be a compact Hausdorff space. For each x ∈ X, define hx :

C(X) −→ C by hx(f) = f(x). Then the map x 7→ hx is a homeomorphism from X to

σ(C(X)). If we identify x ∈ X with hx ∈ σ(C(X)), the Gelfand transform on C(X)

becomes the identity map.

Proof. Suppose X is a compact Hausdorff space, and for each x ∈ X, define hx :

C(X) −→ C by hx(f) = f(x). Consider f, g ∈ C(X). Then for each x ∈ X,

hx(f · g) = (f · g)(x) = f(x) · g(x) = hx(f) · hx(g),

and so hx is a multiplicative linear functional on C(X).

Moreover, as X is Hausdorff, for all x, y ∈ X there exist disjoint neighborhoods

of x and y. That is, there exists closed sets A and B, and open sets U, and V such

that x ∈ U ⊂ A and y ∈ V ⊂ B which implies that X is normal. By Lemma

2.28 (Urysohn’s lemma), there exists a continuous function f : X → [0, 1] such that

f(A) = 0 and f(B) = 1. Thus, continuous functions separate points on X, implying

hx ̸= hy for x ̸= y.

Next, let (xα)α∈A be a net in X such that xα → x. Then for each f ∈ C(X), we

have f(xα) → f(x) and so hxα → hx in the weak∗ topology on σ(C(X)). Since these

spaces are compact and Hausdorff, x 7→ hx is a homeomorphism onto its image by

Lemma 4.15. Thus, it remains to show that every multiplicative functional on C(X)

is of the form hx for some x ∈ X.
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By Theorem 4.8, there is a one-to-one correspondence between σ(C(X)) and the

set of maximal ideals, by f 7→ ker(f). Thus, it is equivalent to show that every

maximal ideal in C(X) is of the form Mx = {f : f(x) = 0}, for some x ∈ X. This

is equivalent to showing, by Proposition 4.4, that every proper ideal J ⊂ C(X) is

contained in some Mx.

Suppose to the contrary, for each x ∈ X that there is some fx ∈ J such that

fx(x) ̸= 0. Then the open sets {y : fx(y) ̸= 0} form an open cover for X. As X

is compact, {y : fx(y) ̸= 0} has a finite subcover f1, f2, . . . , fn ∈ J , which have no

common zeros. Define g =
∑n

i=1 |fi|2. Then g =
∑n

i=1 fi · fi ∈ J as J is an ideal.

Moreover, as g > 0 everywhere, g is invertible in C(X). By Proposition 4.4, as J is a

proper ideal, it contains no invertible elements, a contradiction. Thus, J ⊂ Mx, for

some x ∈ X.

Lastly, as f̂(hx) = hx(f) = f(x), if we identify hx by x, then the Gelfand transform

becomes the identity map f̂ = f on C(X).

This result demonstrates that for a compact Hausdorff space X, the Gelfand

transform on C(X) is the identity map when we identify x ∈ X by hx ∈ σ(C(X)).

Furthermore, the Gelfand transform preserves the norm in this case, as ∥f̂∥sup = ∥f∥

for all f ∈ C(X). This raises the question: Under what conditions does the Gelfand

transform preserve the norm for any commutative unital Banach algebra?

To address this question, we first introduce the concept of an isometry, which

formalizes the idea of a mapping that preserves distances.

Definition 4.18. Let X = (X, d) and X̃ = (X̃, d̃) be metric spaces. A mapping

T : X → X̃ is an isometry if d̃(Tx1, Tx2) = d(x1, x2) for all x1, x2 ∈ X.

With this, we can now address our previous question. Additionally, we can de-

termine when the Gelfand transform is an isometry for a commutative unital Banach

algebra.
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Proposition 4.19. Let A be a commutative unital Banach algebra.

1. If x ∈ A, ∥x̂∥sup = ∥x∥ if and only if ∥x2k∥ = ∥x∥2k for all k ≥ 1.

2. ΓA is an isometry if and only if ∥x2∥ = ∥x∥2 for all x ∈ A.

Proof. Let A be a commutative unital Banach algebra.

To prove the first, let x ∈ A such that ∥x̂∥sup = ∥x∥. Clearly, ∥x2k∥ ≤ ∥x∥2k , since

the norm on a Banach algebra satisfies ∥x · y∥ ≤ ∥x∥ · ∥y∥. Additionally,

∥x∥2k = ∥x̂∥2ksup = ∥x̂2k∥sup = ∥x̂2k∥sup ≤ ∥x2k∥,

where the first equality follows by hypothesis and the inequality follows by Theorem

4.10. Thus, ∥x2k∥ = ∥x∥2k for all k ≥ 1.

Conversely, suppose that x ∈ A and ∥x2k∥ = ∥x∥2k for all k ≥ 1. By Theorem

3.14, we have ρ(x) = lim
k→∞

∥xk∥1/k. Since ∥x2k∥ = ∥x∥2k , it follows that

ρ(x) = lim
k→∞

∥x2k∥1/2k = lim
k→∞

(
∥x∥2k

)1/2k
= ∥x∥.

By Theorem 4.10 we have ∥x̂∥sup = ρ(x), and so ∥x̂∥sup = ∥x∥. Therefore, x ∈ A,

∥x̂∥sup = ∥x∥ if and only if ∥x2k∥ = ∥x∥2k for all k ≥ 1.

To prove the second, suppose that ΓA : A → C(σ(A)), defined by x 7→ x̂, is

an isometry. Moreover, let x ∈ A be arbitrary. Then ∥x∥ = ∥x̂∥sup and so, by the

previous, ∥x2∥ = ∥x∥2, for all x ∈ A.

Conversely, suppose that ∥x2∥ = ∥x∥2 for all x ∈ A.

For the base case, let k = 1. By assumption, ∥x2∥ = ∥x∥2, and so ∥x21∥ = ∥x∥21

holds for all x ∈ A.

For the inductive step, suppose that ∥x2k∥ = ∥x∥2k holds for some n = k. Then
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for n = k + 1, we see that

∥x2k+1∥ = ∥x2k·2∥ = ∥y2∥ = ∥y∥2 = ∥x2k∥2 = ∥x∥2k·2 = ∥x∥2k+1

.

Here, we substitute x2k = y to yield ∥y2∥ = ∥y∥2, which follows by assumption.

Thus, ∥x2k∥ = ∥x∥2k for all k ≥ 1 and so ∥x̂∥sup = ∥x∥. Therefore, ΓA is an

isometry.

The Gelfand-Naimark theorem can be seen as an analog of Cayley’s theorem for C∗

algebras. Like Cayley’s theorem, which says every group is isomorphic to a subgroup

of Sn (the group of permutations), the Gelfand-Naimark theorem provides a concrete

representation of an abstract C∗ algebra.

Theorem 4.20. (The Gelfand-Naimark theorem). If A is a commutative unital C∗

algebra, then the Gelfand transform ΓA is an isometric ∗-isomorphism from A to

C(σ(A)).

Proof. Let A be a commutative unital C∗ algebra. Suppose that x ∈ A and let

y = x∗x. Then, y∗ = (x∗x)∗ = x∗x∗∗ = x∗x = y, and so we have

∥y2k∥ = ∥(y2k−1

)∗y2
k−1∥ = ∥y2k−1∥2 = ∥(y2k−2

)∗y2
k−2∥2 = ∥y2k−2∥22

= ∥(y2k−3

)∗y2
k−3∥22

...

= ∥y∥2k .

Thus, ∥y2k∥ = ∥y∥2k and so by Proposition 4.19 it follows that ∥ŷ∥sup = ∥y∥. Then,

∥x∥2 = ∥x∗x∥ = ∥y∥ = ∥ŷ∥sup = ∥x̂∗x∥sup = ∥|x̂|2∥sup = ∥x̂∥2sup,

and so ΓA is an isometry. Note that x̂∗x = x̂∗x̂ = x̂x̂ = |x̂|2, as A is symmetric
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by Proposition 4.14. Since ΓA is an isometry, it’s injective and has a closed range.

By Proposition 4.14 the range of ΓA is dense in C(σ(A)). Since the range of ΓA is

closed and dense in C(σ(A)), we conclude that Range(ΓA) = C(σ(A)), and so ΓA is

surjective. Since ΓA is an isometry and a bijective ∗-homomorphism, it is an isometric

∗-isomorphism from A to C(σ(A)).

The Gelfand-Naimark theorem provides a powerful representation of commutative

unital C∗ algebras as algebras of continuous functions on their spectrum. As a specific

example, we turn to the Gelfand transform on the Banach algebra, ℓ1.

Theorem 4.21. σ(ℓ1) can be identified with the unit circle T in such a way that the

Gelfand transform on ℓ1 becomes

â(eiθ) =
∞∑
−∞

ane
inθ.

Proof. As in Example 3.2, suppose that

(δk)n =


1, if n = k,

0, if n ̸= k.,

and δn = (δ0)n =


1, if n = 0,

0, if n ̸= 0.

Recall, by Example 3.2, multiplication in ℓ1 is defined to be convolution. Further,

(δj ∗ δk)n = (δj+k)n. This follows as

(δj ∗ δk)n =
∞∑

m=−∞

δjmδ
k
n−m =

∞∑
m=−∞

δm−jδn−m−k,

where δm−jδn−m−k = 1 if and only if j = n − k, i.e. if n = j + k. Otherwise

δm−jδn−m−k = 0. Therefore, (δj ∗ δk)n = (δj+k)n.

Thus, ℓ1 is generated by δ1 and δ−1 and so by Proposition 4.16, σ(ℓ1) is home-

omorphic to σ(δ1). We claim that σ(δ1) = T, the multiplicative group of complex

numbers of modulus 1.
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To that end, consider λδ − δ1, for λ ∈ C. If a ∈ ℓ1, then

[(λδ − δ1) ∗ a]n = (λδ ∗ a)n − (δ1 ∗ a)n = λ(δ ∗ a)n − (δ1 ∗ a)n

= λ

∞∑
m=−∞

δman−m −
∞∑

m=−∞

δ1man−m

= λ
∞∑

m=−∞

δman−m −
∞∑

m=−∞

δm−1an−m

= λan − an−1.

Note that the last line holds as the first sum is non-zero when m = 0 and the second

sum in non-zero when m = 1. Thus, (λδ − δ1) ∗ a = δ if and only if λa0 − a−1 = 1,

when n = 0 and λan = an−1 when n ̸= 0.

Solving these equations recursively, we see that

1. a−1 = λa0 − 1,

2. an = λ−1an−1 = λ−1(λ−1an−2) = · · · = λ−na0, for n ≥ 0,

3. a−n = a−(n) = λ−1a−(n−1) = λ−1(λ−1a−(n−2)) = · · · = λ−n−1a−1, for n ≥ 1.

Since
∑

|an| < ∞, for n ≥ 0, we have

∞∑
n=0

|an| =
∞∑
n=0

|λ−na0| = |a0|
∞∑
n=0

|λ−n|,

which diverges if |λ−1| = |λ|−1 ≥ 1. I.e., if |λ| ≤ 1. Thus a0 must be 0.

For n < 0, we note that an is equivalent to a−n with n ≥ 1. Likewise, we have

∞∑
n=1

|a−n| =
∞∑
n=1

|λ−n−1a−1| = |λ−1a−1|
∞∑
n=1

|λn+1|,

which will diverge if |λ| ≥ 1. Thus, a−1 = 0 as
∑

|an| < ∞.

Subject to these conditions, there is a unique solution if |λ| ̸= 1. If |λ| > 1, we
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have a =
∞∑
n=0

λ−n−1δn, and if |λ| < 1, we have a = −
∞∑
n=1

λn−1δ−n.

If |λ| = 1, then the only possible solution is the trivial solution as
∑

|an| < ∞

forces a0 = 0 and a−1 = 0. But then, if a0 = 0 the equation a−1 = λa0 − 1 implies

that a−1 = −1, not zero. Thus, there is no solution when |λ| = 1.

As σ(δ1) consists of λ ∈ C such that λδ − δ1 is not invertible, and λδ − δ1 is not

invertible when |λ| = 1, it follows that σ(δ1) = T.

By Proposition 4.16, as σ(ℓ1) is homeomorphic to σ(δ1) it follows that σ(ℓ1) is

homeomorphic to T. Since the Gelfand transform maps elements of ℓ1 to continuous

functions on σ(ℓ1), we can identify each eiθ ∈ T with a hθ ∈ σ(ℓ1). Thus, for each

eiθ ∈ T there exist a unique hθ ∈ σ(ℓ1) such that hθ(δ
1) = eiθ. Then for an element

a =
∑∞

n=−∞ anδ
n ∈ ℓ1, we have

hθ(a) = hθ(
∞∑

n=−∞

anδ
n) =

∞∑
n=−∞

anhθ(δ
n) =

∞∑
n=−∞

anhθ(δ
1)n =

∞∑
n=−∞

ane
inθ.

Thus, if we identify hθ with eiθ, the Gelfand transform on ℓ1 becomes

â(eiθ) = â(hθ) = hθ(a) =
∞∑

n=−∞

ane
inθ.

Corollary 4.22. If f(eiθ) =
∑

ane
inθ with

∑
|an| < ∞, and f never vanishes, then

1/f(eiθ) =
∑

bne
inθ with

∑
|bn| < ∞.

Proof. Suppose that f(eiθ) =
∑

ane
inθ with

∑
|an| < ∞, and f never vanishes. By

assumption, f = â with a ∈ ℓ1. As f never vanishes, a is invertible by Theorem 4.10.

Let b denote its inverse. Then 1
â
= 1

f
= b̂, so 1/f(eiθ) = b̂(eiθ) =

∑∞
n=−∞ bne

inθ.

Lastly, we consider the concept of a semisimple commutative unital Banach alge-

bra.

Definition 4.23. A commutative unital Banach algebra A is called semisimple if

the Gelfand transform on A is injective.



49

Example 4.24. (A = ℓ1(Z) is semisimple)

By Theorem 4.21, the Gelfand transform on ℓ1(Z) can be identified with

â(eiθ) =
∞∑

n=−∞

ane
inθ

where a ∈ ℓ1(Z). Thus, if â(eiθ) = 0 for all θ ∈ [0, 2π), then
∑∞

n=−∞ ane
inθ = 0 for all

θ ∈ [0, 2π). This implies that an = 0 for all n, and so a = 0 in ℓ1(Z). Therefore, the

Gelfand transform on ℓ1(Z) is injective, and so ℓ1(Z) is semisimple.

Another example of a semisimple commutative unital Banach algebra is C(X),

where X is a compact Hausdorff space. This follows by Theorem 4.17 as the Gelfand

transform can be identified by the identity map, which is clearly injective.

One final remark about the algebras C(X) and ℓ1(Z) is that they are both sym-

metric. For C(X), this follows by Theorem 4.17,

f̂ ∗(hx) = hx(f
∗) = hx(f) =

¯̂
f(hx),

as the involution is given by f ∗ = f̄ . For ℓ1(Z), the involution is given by (a∗)n = a−n,

and so

â∗(eiθ) =
∑

a−ne
inθ =

∑
ane

−inθ = â(eiθ).

4.3 Non-unital Banach algebras

In the previous section, the Gelfand transform was defined on commutative unital

Banach algebras. Here, we begin to extend this work to non-unital Banach algebras.

For example, let A = L1(R). We will show that this is a commutative Banach

algebra.

Example 4.25. (L1(R) is a commutative Banach algebra).
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It is well known that L1(R) is a Banach space, with respect to

∥f∥1 =
∫∞
−∞ |f(x)|dx. We now show that it is a commutative algebra under con-

volution:

(f ∗ g)(x) =
∫ ∞

−∞
f(y)g(x− y)dy.

First, observe that ∥f∗g∥1 ≤ ∥f∥1∥g∥1, which follows by Theorem 2.16. Therefore,

convolution is well-defined and satisfies the norm inequality.

Next, we will show convolution is commutative. Let f, g ∈ L1(R). Then,

(f ∗ g)(x) =
∫ ∞

−∞
f(y)g(x− y)dy =

∫ ∞

−∞
f(x− z)g(z)dz = (g ∗ f)(x),

where we made the substitution z = x− y.

To show convolution is associative, let f, g, h ∈ L1(R). Then,

((f ∗ g) ∗ h)(x) =
∫ ∞

−∞
(f ∗ g)(y)h(x− y)dy

=

∫ ∞

−∞

(∫ ∞

−∞
f(z)g(y − z)dz

)
h(x− y)dy

=

∫ ∞

−∞
f(z)

(∫ ∞

−∞
g(y − z)h(x− y)dy

)
dz

=

∫ ∞

−∞
f(z)

(∫ ∞

−∞
g(w)h(x− w − z)dw

)
dz

=

∫ ∞

−∞
f(z)(g ∗ h)(x− z)dz

= (f ∗ (g ∗ h))(x)

where the third equality follows from Theorem 2.14 (Fubini’s theorem), and the fourth

from the substitution w = y−z. So, we conclude that convolution is associative. Next,

we will show convolution respects scalar multiplication. To that end, let f, g ∈ L1(R),
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and α ∈ C. Then,

(αf ∗ g)(x) =
∫ ∞

−∞
αf(y)g(x− y)dy = α

∫ ∞

−∞
f(y)g(x− y)dy = α(f ∗ g)

and also

(f ∗ αg)(x) =
∫ ∞

−∞
f(y)αg(x− y)dy = α

∫ ∞

−∞
f(y)g(x− y)dy = α(f ∗ g).

Thus, αf ∗ g = f ∗ αg = α(f ∗ g). Lastly, for any f, g, h ∈ L1(R), we have

(f ∗ (g + h))(x) =

∫ ∞

−∞
f(y) (g + h) (x− y)dy

=

∫ ∞

−∞
f(y) (g(x− y) + h(x− y)) dy

=

∫ ∞

−∞
f(y)g(x− y)dy +

∫ ∞

−∞
f(y)h(x− y)dy

= (f ∗ g)(x) + (f ∗ h)(x).

Therefore, L1(R) is a commutative Banach algebra.

Moreover, L1(R) has no identity element under convolution. Thus, it is a non-

unital algebra, and so the results from previous sections — which rely on invertibility

and the spectrum — do not directly apply here. However, much of the Gelfand theory

remains valid. In order to bridge this deficiency, we make use of the fact that any

non-unital algebra can always be embedded in a unital algebra.

Previously, we defined a homeomorphism f between topological spaces X and Y

to be a continuous bijection that has a continuous inverse. An embedding of a Banach

space A into a Banach space B is a continuous, injective homomorphism φ : A → B.

Given a non-unital Banach algebra A we define Ã to be the algebra with the
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underlying vector space A× C. Multiplication on Ã is defined by

(x, a) · (y, b) = (xy + ay + bx, ab).

We can then embed A into Ã through the homomorphism a 7→ (a, 0), where a ∈ A

and (a, 0) ∈ Ã.

Proposition 4.26. Let A be a non-unital Banach algebra. Then Ã is an algebra

with multiplication defined by (x, a) · (y, b) = (xy + ay + bx, ab). Moreover, the unit

element in Ã is (0, 1).

Proof. Suppose Ã = A×C, with multiplication defined as (x, a) · (y, b) = (xy+ ay+

bx, ab). First note, as both A and C are vector spaces, their direct product Ã is a

vector space.

To show Ã is an algebra, we begin by showing multiplication is associative. To

that end, consider (x, a), (y, b), (z, c) ∈ Ã. Then,

((x, a) · (y, b)) · (z, c) = (xy + ay + bx, ab) · (z, c)

= ((xy + ay + bx)z + abz + c(xy + ay + bx), abc)

= (x(yz + bz + cy) + bcx+ a(yz + bz + cy), abc)

= (x, a) · (yz + bz + cy, bc)

= (x, a) ((y, b) · (z, c))

and so multiplication is associative. Next, we will show scalar multiplication agrees

with multiplication. Let α ∈ C be arbitrary, and consider (x, a), (y, b),∈ Ã. Then,

α(x, a) · (y, b) = (αx, αa) · (y, b) = (αxy + αay + αbx, αab) = α(xy + ay + bx, ab)

= α((x, a) · (y, b))
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and similarly, (x, a) · α(y, b) = α((x, a) · (y, b)). Therefore,

α(x, a) · (y, b) = (x, a) · α(y, b) = α((x, a) · (y, b)).

Finally,

(x, a) · ((y, b) + (z, c)) = (x, a) · (y + z, b+ c)

= (x(y + z) + a(y + z) + (b+ c)x, a(b+ c))

= (xy + xz + ay + az + bx+ cx, ab+ ac)

= (xy + ay + bx, ab) + (xz + az + cx, ac)

= (x, a) · (y, b) + (x, a) · (z, c).

Therefore, Ã is an algebra. Moreover, for (0, 1) ∈ Ã, observe that

(x, a) · (0, 1) = (x · 0 + a · 0 + 1 · x, a · 1) = (x, a).

Thus, Ã is a unital algebra.

Next, if we define the norm on Ã to be ∥(x, a)∥Ã = ∥x∥A + |a| where x ∈ A and

a ∈ C, Ã becomes a Banach algebra.

Proposition 4.27. Let Ã be the embedding of a non-unital Banach algebra A. Then,

∥(x, a)∥Ã = ∥x∥A + |a| is a norm on Ã. Moreover, this norm makes Ã a Banach

algebra.

Proof. Suppose that Ã is the embedding of the non-unital algebra A. We first show

that ∥(x, a)∥Ã = ∥x∥A + |a| is indeed a norm on Ã.

Clearly, ∥(x, a)∥Ã ≥ 0. Moreover, for any (x, a) ∈ Ã, if ∥(x, a)∥Ã = 0 then ∥x∥A =

0 and |a| = 0. Thus, x = 0 and a = 0 so ∥(x, a)∥Ã = 0 if and only if (x, a) = 0.

Therefore, ∥(x, a)∥Ã is positive definite.
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Next, for any scalar λ, we have,

∥λ(x, a)∥Ã = ∥(λx, λa)∥Ã = ∥λx∥A + |λa| = |λ|∥x∥A + |λ||a| = |λ|(∥x∥A + |a|)

= |λ|∥(x, a)∥Ã

and so ∥(x, a)∥Ã satisfies absolute homogeneity. Finally, consider (x, a) and (y, a) in

Ã. Then,

∥(x, a) + (y, b)∥Ã = ∥(x+ y, a+ b)∥Ã = ∥x+ y∥A + |a+ b|

≤ ∥x∥A + ∥y∥A + |a|+ |b|

= (∥x∥A + |a|) + (∥y∥⊣ + |b|)

= ∥(x, a)∥Ã + ∥(y, b)∥Ã.

Therefore, ∥(x, a)∥Ã also satisfies the triangle inequality, so we conclude that this is

a valid norm on Ã. Finally, as A is complete, it follows that A× C is complete and

so Ã is a Banach algebra.

If we restrict the norm ∥(x, a)∥Ã to A, we then have

∥(x, 0)∥A×{0} = ∥x∥A + |0| = ∥x∥A,

which is the original norm on A. Additionally, we can extend the involution on A to

Ã by defining

(x, a)∗ = (x∗, a).

Moreover, A × {0} is a closed, two-sided ideal of Ã. This follows as for any

(x, a) ∈ Ã and (y, 0) ∈ A× {0} we have,

(x, a) · (y, 0) = (xy + ay + 0x, a0) = (xy + ay, 0) ∈ A× {0}
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and

(y, 0) · (x, a) = (yx+ 0x+ ay, 0a) = (yx+ ay, 0) ∈ A× {0}.

Observe that A× {0} is closed. In the product topology, A× {0} is the preimage of

{0} under the continuous projection map π2 : A× C → C. Since {0} is closed in C,

its preimage A×{0} is closed in Ã. Since Ã/(A×{0}) ∼= C, A×{0} has codimension

one, and so its a maximal ideal by Proposition 4.7. Thus, we identify A with A×{0},

viewing A as a maximal ideal in Ã.

Here, we have shown how any non-unital Banach algebra A can be embedded

into a unital Banach algebra Ã with a well-defined norm and multiplicative structure.

This construction preserves the original properties ofA while introducing a unit (1, 0),

allowing us to view A as a maximal ideal in Ã. This process provides a foundation for

extending tools such as the Gelfand transform, which rely on invertibility, to algebras

without an identity element.



56

Chapter 5

Future Study

In the preceding chapter, we established the Gelfand transform on commutative Ba-

nach algebras and began extending it to non-unital algebras. This construction,

embedding A into Ã = A × C, allows us to preserve key spectral properties while

introducing a unit element.

Moving forward, we aim to study the Gelfand-Naimark theorem on non-unital C∗-

algebras. Specifically, we will show that for such algebras, the Gelfand transform ΓA

defines an isometric ∗-isomorphism onto C0(σ(A)), the space of continuous functions

vanishing at infinity on the spectrum.

We will also explore the Gelfand transform on L1(R). Having shown that L1(R)

is a non-unital algebra under convolution, we will investigate how embedding into a

unital algebra relates to the space M(R) of finite Borel measures on R, which is a

Banach algebra, and how the Fourier transform

f̂(ξ) =

∫
R
e−2πiξxf(x)dx

arises as its Gelfand transform. This would provide an interesting connection between

abstract spectral theory and classical Fourier analysis.
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