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Scalar Line Integrals . (wat . are length)
Parametric Equations of surfaces

.

We'll use bits and pieces of all these

ideas to develop yet another multivariable

integration idea
.
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3D
. ( Like

going
from Calc I

integrals to scalar line integrals ! )
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Determine some physical interpretations of
these integrals .

-

We'll end with a math fun fact !



Warm - up
Parameterize the portion of the sphere of radius R which lies on and

above the ✗y
-plane .

2-To get entire sphere : IC-0,9)
en

×=Ri>

,

Yy=RsinO- sint
z=R cost

21T -0

To get hemisphere :
Restrict the domain !

01-0<-2-11 and 01k¥



How do we integrate over the surface like the sphere on the last

slide ?

How did we develop the integrals for calculating are length?

Start with an approximation
Refine the approximation
Take limits B

are length(c) =/ F¥É¥ dt
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How do we integrate over the surface like the sphere on the last

slide ?

We'll solve this for parametric surfaces
.

2-

Il-0,9)
en

x=Ri>"

y=RsinO- sint

✗

"

I 2- = R cost
IT 21T -0

parametric space original space

This will be similar to 2D CoV (Week 7) in that we compute in

parametric space ,
but want the answer in our original space .



More important to pay attn and(Continuation from Week 7! )
The Pesky Details follow what is happening than to

write it downy1) Find a parameterization [ not me . linear]
and a

"

nice
"

region R such that
☒

☒ (R ) =D in an injective 11:11 manner

en

"_¥ →
Z

D

Icu,v)=Cx,y,⇒ y

✗1.
a! b-

parametric space original space

☒ Injective is important so that parts of D don't get covered twice
,

but it's

okay if it's just on the boundary since that's a line segment (zero area) .



The Pesky Details
1) Find a parameterization [ not me . linear]

and a
"

nice
"

region R such that
☒

* (R ) =D in an injective 11:11 manner

2-

D✓

→
Icu,v)=Cx,y,z> y

> ✗
U

parametric space original space

"2) Add
up

the volumes of boxes over really curvy
"

rectangles .

Curvyf) f ds = f- Is;¥t) . Area / rectangles)
D I Integrationw.r.tn#dFfind

surface !
the area of curry rectangles

?



The Main Idea

€÷-Jsu

U

parametric space
Fix a corner

.

Draw vectors to adjacent corners . Original space
what do two vectors describe geometrically ?



Area of Curvy Rectangles
i is

(↳ "+

D; q.LU/-su.vo+sv
)

=. /÷ii⇒÷""÷/ I 1
Its,Vo) (uotsu, Vo)

Define : I = I (↳ + su , v0 ) - I /Uo , Uo )
To = I / no , Votsv )

- Huo , Vo)

Key Idea : As
Su-so

sv→o
,
the area of H'

gram spanned by I & I

approaches the area of curvy rectangles .



efficient
a-
,
I hard to work with directly, so as Lazy mathematicians , make another approx.

!

÷= ☒ (uotsu.ro/-I(uo.vo)→ In ( no , %)
su

b- = I /no
,
v. + SV ) - ☒ (uomo)-

su ☐ ✓

→ % (Uo
,
%)

So for small Au
,
Sv : Ea Iu .su & b- = Esv

In pictus : = =

! " """" ""
T

f BA in

ur - space !
The missing
factor!

In an Adv
.

Calculus class
, you would likely prove all these approx. work !



Thus by taking limits bu-so.tv → 0
,
we obtain the

following formula :

f) ftp.zlds-J/flIlu.D)lx-uxxr1dA .

D R

T T
surface scalar Double integrals we already

integral know and love !

Here we will always write the cross -product , as the associated Jacobian
(derivative matrix) is not

square !
So the determinant does not exist

.



Thus by taking limits bu-so.tv → 0
,
we obtain the

following formula :

f)
☐
ftp.zlds-J/flIlu.rDIx-uxxr/dA .

R

T T
surface scalar Double integrals we already

integral know and love !

If z=0
,
then this is identical to our 2D Colts formula from

week 7
,
and the details are the same string of approximations !



Surface Integrals of Scalar Valued Functions

Let f :S e- IR
'
→ IR be a continuous scalar function

.

t Assigns a value to
a point on the surface .

Let I (un) :D→S be a parameterization of S
.

Then the scalar surface integral is

ftp.zlds = f) flx-lu.it) 11×1×1%11 DA
T D E Q; what relationship does

capital for surface integral this have to the surface ?

No
way

to calculate LHS except through double integral on RHS
.

This is independent of parameterization , thus we often write

ffgfds = f) fds
I



Surface Integrals of Scalar Valued Functions

Physical Interpretations
In first example , can find surface areas in IR ?

Let flay,z ) give
the quantity of something on the surface

( amount of snow, yearly rainfall
, average temperature , etc . . . )

On a smaller scale
,
if ftp.z ) is the amount of electrical

charge (charge density, then ffsfds gives total charge . Similarly
integrating surface/ area /superficial density gives mass.

On a more fun scale
,
we could calculate how much glaze goes on

a donut (
group

work)



Find the surface area of the paraboloid E- ✗
'

+
y
' with 0<-2-14

.

Step 1 : Parameterize the surface
. Step 3 : Integrate !

✗= r cos
-0 2K 2

✓¥ Area (5) = If 11×1×1%11 drdo2"

]
z= r2

O O

'

(Wv) 2K 2①"
- f. for F+4F dr do G-sub)

still cts ,
I :L

, µ.µp.µ
,

on
"endpoints

"

"

= 1%(17%-1)
Step 2 : calculate area of "

curvy
rect

.

"

HIrxx-o.lt//(cos0-,sinO-,2r)x(-rsin0-,rcos0-,0)H--....=rF-4rT



Surface Integrals of Scalar Valued Functions

Let S be the surface of
the Earth

.
( for simplicity , assume radius

of Earth is R inches )

Let f(x,y, e) give
the depth of snow at the point (x ,y,z) in inches

.

How can we find the total amount of snow on the

surface of the Earth ?

For " flat - Ethers" "-2=0 and this is just
R TRE 2" R

f( ×,y)dA= ) ) f- (x ,y)dyd×= f) f- (r, -0)rdrdQ .

-R -É o o



Surface Integrals of Scalar Valued Functions - -

Let S be the surface of
the Earth

.
( for simplicity , assume radius

of Earth is R inches ) ¥÷÷÷¥÷÷÷¥.For "

real - Earthers
" KTotal amount of snow is given by

§ [Area
of small

=
⇐ , j= ,

curvy rectangle] • f- (Xlviii;), ylui.ir;), 2- (nip;)) .

As usual
, by taking n→ a

f) III. ✗ x://flx-lu.us) dudv yields the exact amount of snow.

①
←

Domain of parameterization



Fun Math Fact

Borsuk - Ulam theorem 1
Every continuous function from an

*.im#i...--..

¥¥
( f :S" -3112

"

) maps some pair of

antipodal points to the same value .

When n=1 (5 is a circle) :

there are antipodal pts on the

equator that are the same temperature .

When n=2
,
two antipodal points with same temp This is the 2-sphere

and barometric pressure!



Surface Integrals of Scalar Valued Functions

Let S be the cylindrical surface defined by ✗2+1/2=1 and
- 1<-2-11

.
The surface density of S is given by µ(✗,y,z)= -24×2+1.4 .

Find the mass of S
.

Step 3 : Integrate !
Step 1 : Parameterize the surface

.

✗ = 1- cos Q Iuds = Milo.tl/Hxo.xx+1ldtd0y--1sin0-0<-0-12,4
= Edt d -0E- t - 1st a- 1

° "

simple integration

step 2 : Calculate area of "

curvy
rect

.

"
= ¥71

i j E

11×-0×5+11=1/ c- sin t, cost , 0 > ✗ <0,0 , 1>11 =/ -sines 0 / =/✗ cos Q - sin -0,03/1=1 .
0 0 I


