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Abstract

The theory of discrete frames was introduced in the 1950s by Duffin and Scha-

effer, when they initiated a systematic study of dictionaries for the efficient and robust

representation of data. This work was generalized by Daubechies, Grossmann, and

Meyer in the late 1980s. As the representations in a Hilbert space provided by a basis

often fail to provide sufficient flexibility, their work led to an explosion of interest in

the development of discrete frame theory, persisting to this day. Applications range

from the analysis, compression, and transmission of data to the study of function

spaces. The primary results for high-dimensional spaces are existence theorems and

generalizing known constructions of frames to other data sets.

The main theme of this thesis is the systematic construction of discrete frame

systems in two distinct settings. In the first part, we develop Gabor-type frames for

functions defined on the vertex set of a graph. We propose a general framework which

captures many of the existing discrete frame constructions in this setting. We also

provide necessary and sufficient conditions on the choices of translations and localizing

function such that they lead to Gabor-type frames. Sharp frame bounds are calcu-

lated for several existing cases, and a general formula for finding them is provided. We

conclude this part with a study of frames for Cayley graphs, where tools from repre-

sentation theory for finite (not necessarily abelian) groups can be applied to simplify

many operations.

In the second part of this thesis, we develop wavelet frames through sampling

continuous reproducing formulas for functions defined on the regular domain of Mn(R).

x



The work in this context relies heavily on the theory of square-integrable representa-

tions of locally compact groups, but all necessary background is provided. In partic-

ular, we generalize a previous construction of Ghandehari, Syzdykova, and Taylor for

L2(M2(R)) to L2(Mn(R)) for any dimension n. We also significantly improve the frame

bounds for these constructions, improving the numerical stability of the frame design.

We conclude this part with the specific details for the case n = 2 to show how the

general theory can be applied to construct discrete frames.
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Chapter 1

INTRODUCTION

Given the increasing amount of data being recorded, stored, transmitted, and

analyzed since the advent of modern computing and telecommunications, there has

been a corresponding increase in research related to finding efficient, robust methods

for representing information digitally (i.e., discretely). Discrete frame theory provides

a mathematical framework for studying infinite series representations of functions in

a Hilbert space for stable and possibly redundant representations of data. In many

applications of signal processing, frames provide a better representation than an or-

thonormal basis. For example, certain frame representations are more resistant to

additive noise (sending information over a noisy channel) than orthonormal basis rep-

resentations. The redundant nature of frames enables reconstruction even if part of the

signal is lost or corrupted. Unsurprisingly, the underlying mathematical structure of

many wireless communication networks (e.g., CDMA and GPS) relies on frame theory,

with other applications ranging from medical data analysis to the study of function

spaces.

Informally, a discrete frame for a separable Hilbert space H is a collection of

vectors
{
φx
}
x∈X , where X is some countable index set, and such that each function

f ∈ H can be reconstructed from the sequence
{
〈 f, φx 〉

}
x∈X . While this is similar to

the definition of a basis, frames remove the constraint requiring linear independence,

while maintaining spanning and adding stability requirements. In particular, the frame

coefficients satisfy

A ‖f‖2
H ≤

∑
x∈X

|〈 f, φi 〉|2 ≤ B ‖f‖2
H (1.1)
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for some positive constants A and B. One important consequence of the definition for

discrete frames is worth noting immediately: if the frame is not a (Riesz) basis for H,

then there is some measure of redundancy naturally built into the representation. A

historical review and technical introduction to discrete frame theory is given in Chapter

3.

The vectors constituting a frame do not need to be related in any way. How-

ever, researchers have been greatly interested in frames which can be implemented by

the application of an easily described set of discrete actions applied to a single vector,

called the analyzing or mother wavelet. In the present thesis, we construct two par-

ticular classes of frames: Gabor frames and wavelet frames. Gabor frames are given

by applying modulation and translation operators to the mother wavelet, which we

construct for signals defined on the irregular domain of the vertex set of a graph. Sim-

ilarly, wavelet frames are given by applying dilation and translation operators to the

mother wavelet, which we construct for signals defined on high-dimensional Euclidean

spaces.

Gabor-type Frames for Graphs. We first study Gabor-type frames for signals de-

fined on a graph. Let Γ be a fixed graph with vertex set V (Γ) =
{

1, 2, . . . , N
}

. A signal

on Γ is a function f : V (Γ) → C. We identify f with the vector (f(1), f(2), . . . , f(N))>

in CN , where M> denotes the transpose of the matrix M . A natural technique to

analyze signals defined on graphs that is rapidly gaining popularity involves fixing a

basis of eigenvectors for a chosen matrix associated with the graph and expanding a

given signal defined on the graph in that basis. The goal in doing so is to improve

signal processing techniques by working with a basis that is more adapted to the graph

compared to an arbitrary basis of CN . Natural examples of matrices associated to the

graph include: (1) the adjacency matrix AΓ with entries (i, j) equal to 1 when there

is an edge from vertex i to vertex j, and 0 otherwise; and (2) the graph Laplacian

LΓ := DΓ − AΓ, where DΓ is the diagonal matrix with entry di,i equal to the degree

of vertex i. Other matrices such as the normalized Laplacian, D
−1/2
Γ LΓD

−1/2
Γ , and the
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random walk Laplacian, D−1
Γ LΓ, have also been considered.

Our starting point in Chapter 4 is the Gabor-type construction of frames given

by Shuman, Ricaud, and Vandergheynst in [103]. First, we propose a general framework

for constructing Gabor-type frames for signals on graphs. Our approach uses general

and flexible families of translation operators which include many previous constructions

such as those provided in [53, 59, 94, 103]. For each such family of translations, we

obtain the sharp frame bounds for the associated frames. We also provide worst-case

bounds for arbitrary choices of the localizing function.

In the second part of the chapter, we examine the constructed frames in the

special case where the graph Γ is a normal Cayley graph. In this case, an orthonormal

basis of eigenvectors of the adjacency matrix or the graph Laplacian of the graph can

be explicitly obtained by exploiting the representation theory of the associated group

[6]. Using this basis, we are able to study properties of our Gabor-type frames and how

they relate to the structure of the underlying group: an investigation which initially

began in [55].

Wavelet Frames for L2(Mn(R)). Continuous frames are similar to discrete frames,

where we integrate over a continuous index set in place of the summation in (1.1).

A well studied question regarding continuous frames is: given a continuous, integral

reproducing formula on a Hilbert space, when can one choose a discrete subset of

sample points to obtain a discrete frame?

While recent work (described in Section 3.1) has completely characterized when

a discretization by sampling is possible, most work on the discretization problem is non-

constructive in nature; this leaves the question of how to choose the set of sampling

points to obtain discrete frames open. As the dimension of the signal space grows,

developing suitable and efficient frames becomes increasingly difficult. The easiest

method for handling multi-dimensional cases would be to simply use the tensor product

of 1-dimensional solutions. However, as we will illustrate later, this approach fails to

capture many of the geometric features of high-dimensional signals.

3



In Chapter 5, we focus solely on the discretization problem of constructing dis-

crete frames by sampling continuous wavelet frames in the orbit of a square-integrable

irreducible representation. We seek to improve the results of [58], wherein the theory

of square-integrable representations was combined with the geometry of the Euclidean

space to construct discrete frames for L2(R4). As in [58], we follow the method de-

veloped in [11], where a general framework for the construction of higher dimensional

continuous wavelet transforms was investigated. Essentially, if a locally compact group

H acts on Rn in such a manner that H acts freely and transitively on an open subset

O in R̂n, then an associated continuous wavelet transform theory can be developed

as described in Section 5.2. Various methods, such as careful geometric techniques,

can then be used to discretize continuous wavelet transforms, or continuous frames

resulting from them, in order to produce discrete frames.

In particular, we use representation theory of the affine group to construct a

tight continuous frame. We then obtain a discrete frame through careful geometric

techniques for discretizing the reproducing formula. We improve the construction in

[58] significantly by reducing the frame condition number (the ratio of optimal frame

bounds) from about 1782 to 33 for L2(R4). More importantly, the previous construction

was provided only for L2(R4) which we generalize to L2(Rn2
) for any n ∈ N. Note that

square-integrable representations provide us with the only reasonable framework to

produce discrete frames, since the existence of a discrete frame in this setting implies the

square-integrability of the unitary representation generating the associated continuous

frame (see [5] for more details).

Organization. The remainder of this thesis is organized as follows. Chapters 2 and

3 survey the most important results from harmonic analysis and frame theory, respec-

tively, that are required in this thesis. These also serve to establish notations that will

be used throughout this work. In Chapter 4, we describe a general construction for

Gabor-type discrete frames for functions defined on a graph and prove sharp frame

bounds. We also study some specific constructions on Cayley graphs and discuss how

4



the group structure can be leveraged to simplify calculations. In Chapter 5, we con-

struct a tight continuous wavelet transform for L2(Mn(R)). By carefully considering

the geometry of the Euclidean space, we determine a sampling set to yield a discrete

frame and compute the relevant frame bounds. We find subclasses of signals for which

these bounds can be improved, and we discuss possible extensions to other function

spaces. In Chapter 6, we conclude this thesis by discussing some open problems related

the discrete frame constructions from Chapters 4 and 5. This discussion includes some

partial results.
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Chapter 2

BACKGROUND AND NOTATIONS: HARMONIC ANALYSIS

This chapter contains the necessary background from harmonic analysis for

this thesis. Here we introduce notations and provide fundamental tools used in the

subsequent chapters. First, we review the general theory of unitary representations of

locally compact groups. Next, we describe the process of inducing representations of

subgroups to representations of the whole group. We conclude the chapter with a brief

introduction of the general theory of Fourier analysis and its links to representation

theory. Additionally, we give concrete examples of the groups to be used in subsequent

chapters, demonstrating how the notations from the general theory manifest for our

specific settings.

For a thorough introduction to representation theory with applications to har-

monic analysis, we recommend the book by Terras [110] for finite groups, and the

books of Folland [41] and Hewitt and Ross [71] for more general study. For the topic

of induced representations, we refer to the book of Kaniuth and Taylor [78]. For the

topic of Fourier analysis as it is used in the present work, we refer to Chapters 3 and

4 of [41] or Chapters 1 and 2 of [93].

2.1 Representations of Locally Compact Groups

A topological group G is a topological space with a group structure such that the

group operations are continuous. That is (x, y) 7→ xy and x 7→ x−1 are both continuous

functions from G × G → G and G → G, respectively. A locally compact group is a

topological group whose topology is locally compact and Hausdorff. That is, for any
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two distinct points x, y ∈ G, there exists disjoint, precompact neighborhoods U, V such

that x ∈ U and y ∈ V .

One of the most important properties of locally compact groups is the existence

of a unique (up to positive scaling) left-invariant Radon measure [41, Theorem 2.10

& 2.20], called the left Haar measure which we denote by λG. For any function f in

Cc(G), let
∫
G
f(x) dx denote the integral of f with respect to the measure λG. With

integration defined on G, we can define Lp(G) in the usual way

Lp(G) =

{
f : G→ C

∣∣∣∣ ∫
G

|f(x)|p dx <∞
}
,

where two functions in Lp(G) are identified if they are equal a.e.

It is worth noting that, in general, the left Haar measure need not be right-

invariant. However, there exists a function ∆G : G→ R+ such that

∫
G

f(xy) dx =
1

∆G(y)

∫
G

f(x) dx (2.1)

and

∫
G

f(x−1) dx =

∫
G

f(x)∆G(x−1) dx, (2.2)

for any y ∈ G and f ∈ L1(G). In fact, ∆G is a continuous homomorphism from G to

the multiplicative group R+. We call the function ∆G the modular function of G, and if

∆G ≡ 1 then we say G is a unimodular group. Several examples of unimodular groups

include abelian, discrete, and compact groups. One of the simplest examples of a non-

unimodular group is the so-called ax+b group, the group of affine transformations on

Rd, which we will see in Example 2.1.7.

A unitary representation of a locally compact group G is a map π : G→ U(Hπ)

such that π is a group homomorphism. Here Hπ is some Hilbert space which we

usually call the representation space of π, and U(Hπ) is the group of unitary operators

on Hπ. The dimension of Hπ is called the dimension or degree of the representation

π and will be denoted by dπ. We say π is a continuous unitary representation if π is
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WOT-continuous. That is, for each u, v ∈ Hπ, the coefficient function defined as the

map

πu,v : G→ C, πu,v(x) = 〈 π(x)v, u 〉Hπ , (2.3)

is continuous on G. When the group G is finite, one can consider non-unitary represen-

tations by replacing the group of unitary operators on Hπ with the group of invertible

linear operators on Hπ. However, in the present thesis we only consider unitary repre-

sentations. Therefore, anytime we refer to representations, we will always mean unitary

representations.

An important tool in the study of representations is the space of intertwining

operators. For two representations ρ and σ of a group G, we define this space as

I(ρ, σ) =
{
L : Hρ → Hσ

∣∣∣ L is bounded, linear and L ◦ ρ(x) = σ(x) ◦ L,∀x ∈ G
}
.

We say ρ and σ are unitarily equivalent if I(ρ, σ) contains a unitary operator.

One last important definition we need to proceed is the notion of an irreducible

representation. For a unitary representation π : G→ U(Hπ) and a subspace S of Hπ,

we say S is π-invariant if π(g)S ⊆ S for all g ∈ G. Then we call π irreducible if the

only closed, π-invariant subspaces of Hπ are Hπ and the trivial subspace {0}. The

following lemma, due to Issai Schur, classifies irreducible representations in terms of

the space I(π) := I(π, π), the space of bounded operators which intertwine π with

itself.

Theorem 2.1.1 (Schur’s Lemma, [41, Theorem 3.5]). Let G be a locally compact group.

Then

1. A unitary representation π of G is irreducible if and only if I(π) contains only

scalar multiples of the identity.

2. Suppose π1 and π2 are irreducible unitary representations of G. If π1 and π2 are

equivalent then I(π1, π2) is one-dimensional, otherwise I(π1, π2) = {0}.

8



Example 2.1.2 (Regular Representations). An important example of a representation

for any locally compact group is the left regular representation. This is given by the

map L : G→ U(L2(G)) defined as

L(x)f(y) = f(x−1y). (2.4)

It is easy to verify that L is a homomorphism. Further, for every x ∈ G, L(x) is an

isometry. Indeed, for f, g ∈ L2(G), we have

〈L(x)f, L(x)g 〉L2(G) =

∫
G

f(x−1y) g(x−1y) dy =

∫
G

f(y) g(y) d(xy) = 〈 f, g 〉L2(G)

as λG is left-shift invariant. Clearly, L(x)−1 = L(x−1), thus L(x) is invertible. As

L(x) is an invertible isometry, it is a unitary operator, showing that L is a unitary

representation of G.

Similarly, the right regular representation is given byR(x)f(y) =
√

∆G(x)f(yx),

where
√

∆G(x) appears so that this representation is unitary with respect to the left

Haar measure. That is,∫
G

[R(x)f ](y)[R(x)g](y) dy =

∫
G

∆G(x) f(yx)g(yx) dy =

∫
G

f(y)g(y) dy,

where the final equality holds by equation (2.1). As with the left regular representation,

we have that R(x)−1 = R(x−1), so R(x) is a unitary operator and R is a unitary

representation of G. The left and right regular representations are closely related, as

demonstrated in the following lemma.

Lemma 2.1.3. Let L : G→ U(L2(G)) and R : G→ U(L2(G)) be defined as above.

Define M : L2(G)→ L2(G) by Mf(x) =
f(x−1)√

∆G(x)
. Then:

1. M is a unitary operator in I(L,R), so L and R are unitarily equivalent.

2.
{
L(g)

∣∣∣ g ∈ G} ⊂ I(R) and
{
R(g)

∣∣∣ g ∈ G} ⊂ I(L).

3. Unless G is the trivial group with one element, L and R are not irreducible

representations.
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Proof. The first statement follows from (2.2), as

〈Mf,Mg 〉L2(G) =

∫
G

f(x−1)g(x−1)

∆G(x)
dx =

∫
G

f(x)g(x)

∆G(x−1)
d(x−1) = 〈 f, g 〉L2(G).

Combining this with the fact that M2f(x) = [∆G(xx−1)]−1/2f(x) = f(x), we have

that M−1 = M , showing that M is an invertible isometry, thus unitary. Moreover, M

intertwines the representations L and R as

M [L(g)f ](x) =
L(g)f(x−1)√

∆G(x)
=
√

∆G(g)
f([xg]−1)√

∆G(xg)
=
√

∆G(g)Mf(xg) = R(g)[Mf ](x).

For the second statement, we have for any h, g, x ∈ G,

R(g)[L(h)f ](x) =
√

∆G(g)f(h−1xg) = L(h)[R(g)f ](x).

For the final statement, when G is the trivial group then the identity is the only

element. It follows that L and R are each the trivial representation, and therefore they

are irreducible. So suppose G is not the trivial group, and note that we have shown

L(g) ∈ I(R), R(g) ∈ I(L). Additionally, L(g) and R(g) are never scalar multiples of

the identity unless g is the group identity. It follows immediately from Schur’s lemma

(Theorem 2.1.1) that L and R are not irreducible representations.

The dual object of a locally compact group G is defined as

Ĝ =
{

[π]
∣∣∣ π is an irreducible representation of G

}
,

where [π] denotes the equivalence class of irreducible representations which are unitarily

equivalent to π. For abelian groups, every irreducible representation is one-dimensional

[41, Corollary 3.6]. This is another immediate consequence of Schur’s lemma: for an

abelian group G and an irreducible representation π, we have for any x, y ∈ G that

π(x)π(y) = π(xy) = π(yx) = π(y)π(x). So for every x ∈ G, π(x) ∈ I(π). Therefore

π(x) is a scalar multiple of the identity for every group element x. As this would mean

every subspace of Hπ would be π-invariant, there must be no non-trivial subspaces.

Clearly, this can only occur if Hπ is one-dimensional.
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Another consequence of Schur’s lemma is related to the irreducible representa-

tions of compact groups.

Theorem 2.1.4 ([41, Theorem 5.2]). If G is compact, then every irreducible represen-

tation of G is finite dimensional, and every unitary representation of G is equivalent

to a direct sum of irreducible representations.

Let π : G → U(Hπ) be a representation of a compact group G and let {ei} be

an orthonormal basis for Hπ. If u = ei and v = ej, then the coefficient function πu,v

defined in (2.3) becomes πu,v(x) = 〈 π(x)ej, ei 〉, the (i, j)th entry of the matrix π(x).

To simplify notation, we will use πi,j to denote πei,ej . We now give a second important

consequence of Schur’s lemma regarding compact groups. The following result will be

used in Chapter 4.

Theorem 2.1.5 (Schur’s Orthogonality Relations, [41, Theorem 5.8]). Let G be a

compact group. For each π ∈ Ĝ, define Eπ = span
{
πi,j

∣∣ i = 1, . . . , dπ, j = 1, . . . , dπ
}

.

Let π and π′ be irreducible unitary representations of G, and consider Eπ and Eπ′ as

subspaces of L2(G). Then

1. If [π] 6= [π′] then Eπ ⊥ Eπ′.

2. The set
{ √

dπ πi,j
∣∣ i, j = 1, . . . , dπ

}
is an orthonormal basis for Eπ as

〈πi,j, πi′,j′ 〉L2(G) =

∫
G

πi,j(x) πi′,j′(x) dx =
1

dπ
δi,i′δj,j′ .

Here, δi,k is the Kronecker delta function.

For a family of Hilbert spaces
{
Hi

}
i∈I , their (Hilbert) direct sum `2 −

⊕
i∈I Hi

is the set of all v =
(
vi
)
i∈I in the Cartesian product

∏
i∈I Hi such that

∑
i∈I ‖vi‖

2 is

finite. Then `2 −
⊕

i∈I Hi is again a Hilbert space with respect to the inner product

〈 f, g 〉 =
∑
i∈I

〈 fi, gi 〉Hi ,

and the termsHi are embedded in this Hilbert space as mutually orthogonal subspaces.

Conversely, if
{
Hi

}
i∈I are mutually orthogonal subspaces with dense linear span in a

11



Hilbert space H, then we can think of H as the direct sum `2 −
⊕

i∈I Hi. As such,

when we discuss direct sums of subspaces in a Hilbert space, we will always assume

the subspaces are mutually orthogonal.

Clearly each subspace Eπ defined in Theorem 2.1.5 is a closed and R-invariant

(or L-invariant) subspace of L2(G). This observation yields a useful decomposition of

L2(G) in terms of the irreducible representations of G.

Theorem 2.1.6 (Peter-Weyl Theorem, [41, Theorem 5.12]). Let G be a compact group

and let E be the linear span of
⋃

[π]∈Ĝ

Eπ. Then

1. E is uniformly dense in C(G);

2. L2(G) = `2 −
⊕
[π]∈Ĝ

Eπ; and

3. the set of functions ⋃
[π]∈Ĝ

{ √
dππi,j

∣∣∣ i, j = 1, . . . , dπ

}
is an orthonormal (Hilbert) basis for L2(G).

Additionally, for i = 1, . . . , dπ the subspace of Eπ defined by

Eπ,i := span
{
πi,j

∣∣∣ 1 ≤ j ≤ dπ

}
is invariant under the right regular representation R. The function R restricted to

this subspace is equivalent to the representation π. Consequently, R (equivalently L)

decomposes into a direct sum of all irreducible representations of G. Moreover, each

[π] ∈ Ĝ occurs in the right (or left) regular representations of G with multiplicity dπ.

In Chapter 4, we will use the Peter-Weyl theorem to obtain an orthonormal

basis of eigenvectors for certain Cayley graphs.
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2.1.1 Induced Representations

Given a locally compact group G with a closed subgroup H, induced repre-

sentation theory gives us a way to build unitary representations for G from unitary

representations of H. Let σ : H → U(Hσ) be a unitary representation of H. We denote

the norm and the inner product on Hσ by ‖·‖σ and 〈 ·, · 〉σ, respectively. Let C(G,Hσ)

denote the space of continuous functions from G to Hσ. Then we can consider the

following space of vector-valued functions

F0 =

 f ∈ C(G,Hσ)

∣∣∣∣∣∣
q(supp f) is compact and

f(xξ) = σ(ξ−1)(f(x)) for x ∈ G, ξ ∈ H

 ,

where q : G → G/H is the canonical quotient map. If G/H admits a G-invariant

measure µ,

〈 f, g 〉F0 :=

∫
G/H

〈 f(x), g(x) 〉σ dµ(xH)

defines an inner product on F0. Let F denote the completion of F0 with respect to

this inner product. Then for each x ∈ G, the left-shift operator L(x) on F0, defined

in (2.4), extends unitarily to F , which we denote again by L(x). The map defined by

L : G→ U(F) is WOT-continuous and defines a unitary representation of G. We call

this the representation induced by σ, and we denote it by indGH(σ). In this thesis, we

use induced representation machinery for semidirect product groups.

2.1.2 Semidirect Product of Locally Compact Groups

Let N and H be locally compact groups with identities eN and eH , respectively.

By Aut(N) we denote the group of automorphisms of N , i.e., the set of all topological

group isomorphisms of N to itself with composition as the group product. Let the map

α : H → Aut(N) be a group homomorphism such that

ψα : N ×H → N, (n, h) 7→ α(h)(n)
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is continuous. Define the locally compact group N oα H to be the Cartesian product

N ×H equipped with product topology and group actions defined as

(n, h) · (n′, h′) = (nα(h)(n′), hh′), (2.5)

and

(n, h)−1 = (α(h−1)(n−1), h−1).

It is straightforward to verify that (eN , eH) is the identity element of N oαH and that

the group operations of N oα H are continuous with respect to the product topology.

The locally compact group N oα H is called the semidirect product of N and H over

α.

Example 2.1.7 (The Affine Group). For n ∈ N, let Mn(R) denote the set of n×n real

matrices. Equipped with matrix addition and the topology of Rn2
, the set Mn(R) can

be viewed as a locally compact abelian group. Let GLn(R) denote the subset of Mn(R)

containing all n×n real matrices with nonzero determinant. Clearly GLn(R) is an open

subset of Mn(R), as the determinant is a continuous function (in fact a polynomial)

in the matrix entries. So, GLn(R) turns into a locally compact group, when equipped

with matrix multiplication and the induced topology of Rn2
. Elements of GLn(R) and

Mn(R) can be combined to form affine transformations as defined below.

Definition 2.1.8. For x ∈ Mn(R) and h ∈ GLn(R), let [x, h] denote the affine trans-

formation of Mn(R) given by

[x, h]y = hy + x, for y ∈ Mn(R).

Let Mn(R) oα GLn(R) =
{

[x, h]
∣∣ x ∈ Mn(R), h ∈ GLn(R)

}
denote the

collection of all affine transformations defined above, where α(h)(x) = h · x = hx is

matrix multiplication. Composition of transformations can be seen as the following

product operation.

[x1, h1][x2, h2] = [x1 + h1x2, h1h2]. (2.6)
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Then Gn := Mn(R)oαGLn(R), together with product (2.6), forms a non-abelian locally

compact group when given the product topology. Let 0n denote the n× n zero matrix

and In denote the n × n identity matrix. It is very easy to check that [0n, In] is the

identity of Gn, and [x, h]−1 = [−h−1x, h−1] for [x, h] ∈ Gn.

2.1.3 Induced Representations for Semidirect Products

Let G = N oα H be a locally compact group where α : H → Aut(N) defines

an action of H on N . Define Ñ =
{

(n, eH)
∣∣ n ∈ N } and H̃ =

{
(eN , h)

∣∣ h ∈ H }.

Then Ñ and H̃ are closed subgroups of N oα H. Clearly Ñ is normal as

(n, h)(n′, eH)(n, h)−1 =
(
n (h · n′) (h−1 · n−1), eH

)
∈ Ñ .

Additionally,

1. Ñ ∩ H̃ =
{
eG
}

and

2. ÑH̃ = N oα H = G.

When these two conditions hold, we say that H̃ has a complementary subgroup Ñ ,

and clearly every element of G can be written uniquely as ñh̃ with ñ ∈ Ñ and h̃ ∈ H̃

for the product operation defined in (2.5). With the identification above in mind, we

will always assume N and H are closed subgroups of G. This also yields a natural

correspondence between Ñ and G/H̃ via the map ñ 7→ ñH̃ or between H̃ and G/Ñ

via the map h̃ 7→ h̃Ñ .

When finding an induced representation for a semidirect product group, one can

induce from either subgroup N or H, and we describe both processes below.

2.1.3.1 Induction from N

Suppose N is abelian and let G = N oα H be a locally compact group where

α : H → Aut(N) defines an action of H on N . We denote α(h)(n) = h · n. Note

(eN , h)(n, eH)(eN , h)−1 = (h · n, eH),
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so the action of H on N models as conjugation on Ñ . The conjugation action of G on

N induces an action of G on the dual group N̂ given by

x.ν(n) = ν(x−1.n) = ν(x−1nx), for x ∈ G, ν ∈ N̂ , n ∈ N.

For ν ∈ N̂ , let Gν and Oν denote the stabilizer and orbit of ν respectively, that is

Gν =
{
x ∈ G

∣∣∣ x.ν = ν
}

and Oν =
{
x.v

∣∣∣ x ∈ G}.
We say G acts regularly on N̂ if the following two conditions hold:

(R1) There exists a countable family
{
Ei
}
i∈N of Borel sets in N̂ which are G-invariant

and for each ν ∈ N̂ , we have Oν =
⋂

Oν⊆Ej

Ej.

(R2) For each ν ∈ N̂ , the natural map G/Gν → Oν defined as xGν 7→ x.ν forms a

homeomorphism.

When G is σ-compact, (R2) is equivalent to

(R2’) Each orbit of N̂ is relatively open in its closure.

For each ν ∈ N̂ , define the little group Hν to be Hν = Gν ∩H. Clearly, as N is

abelian, N ⊆ Gν and so Gν = NoHν . The irreducible representations of the stabilizer

Gν are related to the little group by the following proposition.

Proposition 2.1.9 ([41, Proposition 6.41]). If ν ∈ N̂ and ρ is an irreducible repre-

sentation of Hν, then we obtain an irreducible representation of Gν, which we denote

νρ by setting

(νρ)(nh) = ν(n)ρ(h).

Every irreducible representation σ of Gν such that σ(n) = ν(n)I (for n ∈ N) is of this

form. Moreover, since (νρ)|Hν = ρ, νρ is equivalent to νρ′ if and only if ρ is equivalent

to ρ′.

Additionally, as N acts trivially on N̂ , the G-orbit of ν ∈ N̂ is the same as its

H-orbit, and if ν ′ = x.ν (x ∈ H) belongs to this orbit, the little group of ν and ν ′ are

related by Hν′ = xHνx
−1. In particular, they are isomorphic.
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Remarkably, the irreducible representations of G = N oα H can be completely

classified in terms of the character ν ∈ N̂ and the irreducible representations of their

little groups Hν , as described in the following theorem.

Theorem 2.1.10 ([41, Theorem 6.42]). Suppose G = N oαH, where N is abelian and

G acts regularly on N̂ . If ν ∈ N̂ and ρ is an irreducible representation of Hν, then

indGGν (νρ) is an irreducible representation of G, and every irreducible representation of

G is equivalent to one of this form. Moreover, indGGν (νρ) and indGGν′ (ν
′ρ′) are equivalent

if and only if ν and ν ′ belong to the same orbit, say ν ′ = xν, and h → ρ(h) and

h→ ρ′(x−1hx) are equivalent representations of Hν.

In the setting of Theorem 2.1.10, G acts on N by conjugation. Suppose that H

is a closed subgroup of G such that G = N oαH, where α : H → Aut(N) is defined as

α(h)(n) = hnh−1. The conjugation action of G on N induces an action of G on the dual

group N̂ via 〈n, x · ν 〉 = 〈x−1nx, ν 〉 for n ∈ N , x ∈ G, and ν ∈ N̂ . Then the induced

representation indGN ν has an alternate realization as follows: For x = (n, h) ∈ G,

n, k ∈ N, h ∈ H, and f ∈ L2(H,Hπ) :=
{
g : H → Hπ

∣∣ ∫
H
‖g(x)‖2 dx < ∞

}
we

have

indGN(n, h)f(k) = π(k−1nk)f(h−1k),

where dx is the left Haar measure on H. The details for this realization can be found

at the end of Section 2.4 in [78].

2.1.3.2 Induction From H

The following discussion is a summary of Section 2.4, starting from Proposition

2.28, from Kaniuth and Taylor’s book [78]. Only the minimal details necessary for this

thesis are included, as the technicalities are beyond the scope of the current work.

Let π be an irreducible representation of H. If N is a complementary subgroup

for H, we can realize the induced representation indGH π on the Hilbert space

L2(N,Hπ) :=

{
g : N → Hπ

∣∣∣∣ ∫
N

‖g(x)‖2 dx <∞
}
,
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where dx is the left Haar measure on N . Then for f ∈ L2(N,Hπ), we can explicitly

write indGH π in terms of the modular functions on G and H and the representation π

by [
(indGH π)(z)f

]
(`) =

[
∆G(h)

∆H(h)

]1/2

π(h) f(z−1.`),

where z ∈ G, ` ∈ N and we write z−1` = xh−1 for some x ∈ N and h ∈ H.

To illustrate this idea, we compute an induced representation for the affine group

in the following section.

2.1.3.3 Induced Representation of the Affine Group

Recall the affine group Gn from Example 2.1.7 defined as

Gn = N oα H = Mn(R) oα GLn(R),

with α(h)x = hx.

Haar Integration. We now specifically describe the Haar measure for Gn. In what

follows, all the functions appearing in the integration formulas are integrable and de-

fined on the appropriate domains. First, we equip Mn(R) with Lebesgue measure under

the identification with Rn2
, and let

∫
Mn(R)

f(x) dx denote Lebesgue integration. That is,

dx = dx1,1dx1,2 · · · dx1,ndx2,1 · · · dxn,1 · · · dxn,n if x =


x1,1 x1,2 · · · x1,n

...
...

. . .
...

xn,1 xn,2 · · · xn,n

 . (2.7)

Proposition 2.1.11. For GLn(R), the left Haar integration is given by∫
GLn(R)

g(h)
dh

| deth|n
,

where dh is the Lebesgue measure in (2.7) and h = (hi,j)
n
i,j=1 is a generic element of

GLn(R). This measure is also right invariant, i.e., GLn(R) is unimodular.
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Proof. Let a, h ∈ GLn(R). Denote the change of variables map h 7→ ah by A. We

denote the Jacobian matrix of this transform by JA. Then by indexing the rows and

columns of JA by (1, 1), (2, 1), . . . , (n, 1), (1, 2), . . . , (n, 2), . . . , (n, n), it is easy to see

that JA is block diagonal with n copies of a on the diagonal and 0 elsewhere. So

| JA | = | det a|n. Therefore∫
GLn(R)

f(ah)
dh

| deth|n
=

∫
GLn(R)

f(h)
d(a−1h)

| det a−1h|n
=

∫
GLn(R)

f(h)
| det a−1|n dh

| det a−1|n| deth|n
=

∫
GLn(R)

f(h)
dh

| deth|n
.

A similar calculation shows that the measure is right invariant and so GLn(R) is uni-

modular.

Proposition 2.1.11 shows that, for any h′ ∈ GLn(R) and compactly supported function

g : GLn(R)→ C,

∫
GLn(R)

g(h′h)
dh

| deth|n
=

∫
GLn(R)

g(hh′)
dh

| deth|n
=

∫
GLn(R)

g(h−1)
dh

| deth|n
=

∫
GLn(R)

g(h)
dh

| deth|n
.

We now describe left Haar integration on Gn. For a compactly supported function

f : Gn → C, ∫
Gn

f
(
[x, h]

)
d[x, h] =

∫
GLn(R)

∫
Mn(R)

f
(
[x, h]

) dx dh

| det(h)|2n
. (2.8)

Proposition 2.1.12. The integration defined in (2.8) is invariant under left transla-

tions.

Proof. Considering that

∫
GLn(R)

∫
Mn(R)

f
(
[y, k][x, h]

) dx dh

| det(h)|2n
=

∫
GLn(R)

∫
Mn(R)

f
(
[y + kx, kh]

) dx dh

| det(h)|2n
,

the change of variable maps are given by x 7→ k−1(−y + x) and h 7→ k−1h. Then the

right hand side becomes
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∫
GLn(R)

∫
Mn(R)

f
(
[x, h]

) d(k−1(−y + x)
)
d(k−1h)

| det(k−1h)|2n
=

∫
GLn(R)

∫
Mn(R)

f
(
[x, h]

) | det k−1|2n dx dh
| det k−1|2n| deth|2n

.

Therefore the integration defined in (2.8) is left invariant.

However, this integration is not right invariant, as the change of variable maps in this

case are x 7→ (x − hy) and h 7→ hk−1. By a similar computation as in the proof

of Proposition 2.1.12, we have the following formula for handling the case of right

translation. ∫
Gn

f
(
[x, h][y, k]

)
d[x, h] = | det(k)|n

∫
Gn

f
(
[x, h]

)
d[x, h],

for every [y, k] ∈ Gn, showing that the modular function from (2.1) for the affine group

is ∆Gn ([y, k]) = | det k|−n.

Induced Representation of Gn. Let τ : GLn(R) → U(Hτ ) ∼= C be the trivial

representation of GLn(R), i.e., τ(h) = 1 for every h ∈ GLn(R).

Then for z = [x, h] ∈ Gn and ` = [y, In] ∈ M̃n(R), we have

z−1` = [−h−1x, h−1] [y, In] = [−h−1(x− y), h−1] = [h−1(y − x), In] [0n, h]−1.

By identifying [w, In] ∈ Gn with w ∈ Mn(R), we have for f ∈ L2(Mn(R)):[(
indGnGLn(R) τ

)
[x, h]f

]
(y) =

[
∆Gn(h)

∆GLn(R)(h)

]1/2

τ(h) f
(
[x, h]−1y

)
= | deth|−n/2f

(
h−1(y − x)

)
, (2.9)

where the modular functions for GLn(R) and Gn were determined in Propositions 2.1.11

and 2.1.12, respectively.

The above machinery for determining representations for semidirect product

groups from representations of closed subgroups will be incredibly useful during Chap-

ter 5. In particular, we will make extensive use of the representation given in (2.9).
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2.2 Fourier Analysis on LCA Groups

In the current section, we introduce the Fourier transform in the context of

locally compact abelian (LCA) groups. For the remainder of this section, assume G is

a LCA group. This integral transform provides a representation of a function f ∈ L1(G)

in terms of the irreducible unitary representations of G. This is accomplished through

the map F : L1(G)→ C0(Ĝ), given by

Ff(ξ) =

∫
G

f(x) ξ(x) dx.

We denote Ff(ξ) by f̂(ξ). If G is a locally compact abelian group, then Ĝ is also a

locally compact abelian group [93, Theorem 1.2.6]. Consequently, Ĝ also has a Haar

measure. Once a Haar measure for G and identification of Ĝ has been chosen, and the

Haar measure on Ĝ has been scaled appropriately, we have the following result.

Theorem 2.2.1 (Fourier Inversion Theorem [41, Theorem 4.33]). If f ∈ L1(G) and

f̂ ∈ L1(Ĝ), then

f(x) =

∫
Ĝ

f̂(ξ) ξ(x) dξ, for a.e. x ∈ G,

where dξ is the Haar measure of Ĝ. If f is continuous, this relation holds for every

x ∈ G.

Most often, G is thought of as the time-domain of a signal f ∈ L1(G), and Ĝ is

thought of as the frequency domain—notions stemming from the applications of this

theory to traditional audio signals as functions on the real line.

In the current work, we primarily consider L2(G), the space of square-integrable

functions with respect to Haar measure. In this case, the Fourier transform extends to

a unitary operator by the following classical result.

Theorem 2.2.2 (The Plancherel Theorem [93, Theorem 1.6.1]). The Fourier trans-

form, restricted to (L1 ∩ L2)(G), is an isometry (with respect to the L2-norms) onto a

dense linear subspace of L2(Ĝ). Hence it may be extended, in a unique manner, to a

unitary isomorphism P : L2(G)→ L2(Ĝ).
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Remark 2.2.3. As is standard in the literature, we will use f̂ to denote both the

Fourier transform and Plancherel transform Pf of a function f , as it will be clear from

context which one is being used.

We now provide concrete examples of the objects defined above with respect to

the groups which will be discussed in future chapters.

2.2.1 Finite Cyclic Groups

Let G = ZN . To put the discussion in the context of harmonic analysis, we think

of ZN as a compact group equipped with the discrete topology. As it is customary for

finite groups, we equip ZN with the normalized counting measure µ, i.e., µ(E) = |E|
N

for every subset E of ZN with |E| distinct elements. The dual object ẐN is the group

of characters χk with k ∈
{

0, . . . , N − 1
}

, where each χk : ZN → U(C) is defined by

χk(m) = e
2πikm
N , for m ∈ ZN =

{
0, 1, . . . , N − 1

}
. (2.10)

Clearly,
{
χk

∣∣ k = 0, . . . , N − 1
}

forms an orthonormal basis of L2(ZN , µ). The

classical Fourier transform of a function f ∈ L1(ZN) at n ∈ ZN is defined by

f̂(n) =

∫
G

f(m)χn(m) dµ(m) =
1

N

N−1∑
m=0

f(m)χn(m). (2.11)

The inverse Fourier transform can be written in a similar manner, once an appropriate

Haar measure is fixed for ẐN . Guided by the theory of commutative harmonic analysis,

we think of ẐN as a discrete group (as it is the dual of a compact group [41, Proposition

4.5]), and we equip it with the usual counting measure. The inverse Fourier transform

then becomes

f(m) =

∫
Ĝ

f̂(n)χn(m) dn =
N−1∑
n=0

f̂(n)χn(m), for m ∈ ZN , (2.12)

where dn is the counting (Haar) measure on Ĝ.
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2.2.2 The Group Mn(R)

In Chapter 5, we work with the Fourier transform on L2(Mn(R)) ∼= L2(Rn2
),

where we identify the LCA group Mn(R) with Rn2
by the map

x1,1 . . . x1,n

...
. . .

...

xn,1 . . . xn,n

 Φ7−→
(
x1,1 . . . x1,n . . . xn,1 . . . xn,n

)>
.

Recall that M> denotes the transpose of the matrix M . Similar to the previous section,

for every k ∈ Mn(R) we define characters χk : Mn(R)→ U(C) by

χk(y) = e2πiTr(ky),

where Tr(x) is the trace of the matrix x. This leads to the Fourier transform for

f ∈ L1(Mn(R)) defined as

Ff(χk) = f̂(χk) =

∫
Mn(R)

f(x)χk(x) dx =

∫
Mn(R)

f(x)e−2πiTr(kx) dx.

Then the inverse Fourier transform for f̂ ∈ L1(M̂n(R)) is given by

F−1f̂(x) =

∫
Mn(R)

f̂(χk)χk(x) dk =

∫
Mn(R)

f̂(χk)e
2πiTr(kx) dk.

Note, in both cases, integration over Mn(R) is with respect to the Lebesgue integral∫
Mn(R)

f(x) dx =

∫
R
· · ·
∫
R
f(x1,1, . . . , xn,n) dx11 · · · dxn,n,

∫
Mn(R)

f̂(χk) dk =

∫
R
· · ·
∫
R
f̂(χk1,1,...,kn,n) dk1,1 · · · dkn,n.

We now define several operators which will prove useful in our discussions of

frames in later chapters.

Definition 2.2.4. Consider the following families of unitary operators on L2(Mn(R)):

1. For a ∈ Mn(R), the translation operator Ta is defined by

Ta : L2(Mn(R))→ L2(Mn(R)), (Taf)(x) := f(−a+ x), x ∈ Mn(R).
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2. For ξ ∈ Mn(R), the modulation operator Mξ is defined by

Mξ : L2(Mn(R))→ L2(Mn(R)), (Mξf)(x) := χξ(x)f(x), x ∈ Mn(R).

3. For h ∈ GLn(R), the dilation operator Da is defined by

Dh : L2(Mn(R))→ L2(Mn(R)), (Dhf)(x) :=
1√
| deth|n

f(h−1x), x ∈ Mn(R).

Remark 2.2.5. The operator Ta is identical to L(a), where L is the left regular rep-

resentation on G = Mn(R). The operator Mξ is pointwise multiplication with the

character χξ, with characters often being thought of as the ‘pure states’ or frequencies

of a signal f ∈ L2(Mn(R)). The operator Dh results in scaling by the matrix h, where

the determinant factor is required for Dh to be a unitary operator.

As it will prove useful in discussions of wavelet and Gabor systems in future

chapters, we now compute the Fourier transform for each of these families of operators.

Proposition 2.2.6. Let a, k, ξ ∈ Mn(R) and let h ∈ GLn(R). For any f ∈ L2(Mn(R)),

we have

1. (T̂af)(χk) = χk(a)f̂(χk).

2. (D̂hf)(χk) = | deth|n/2f(χkh).

3. (M̂ξf)(χk) = f̂(χ−ξ+k) = Tξf̂(χk).

Proof. We prove the statement for the dilation operator, as the other two are similar.

Let f ∈ (L1 ∩ L2)(Mn(R)), then we have

D̂hf(χk) =

∫
Mn(R)

Dhf(x)χk(x) dx = | deth|−n/2
∫

Mn(R)

f(h−1x)χk(x) dx

= | deth|n/2
∫

Mn(R)

f(x)χk(hx) dx

= | deth|n/2
∫

Mn(R)

f(x)χkh(x) dx

= | deth|n/2 f̂(χkh).

The extension to general f ∈ L2(Mn(R)) follows from a standard density argument.
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Chapter 3

BACKGROUND AND NOTATIONS: DISCRETE FRAME THEORY

This chapter provides historical context and a survey of the most important

results from frame theory that are required in this thesis. Formally, a discrete frame

is defined as:

Definition 3.0.1. Let X be a countable set. A set of vectors
{
φi
}
x∈X is a discrete

frame for a Hilbert space H if there exist positive constants A and B which depend

exclusively on H and the set of function
{
φi
}
x∈X such that

A ‖f‖2
H ≤

∑
x∈X

|〈 f, φi 〉|2 ≤ B ‖f‖2
H (3.1)

for every function f ∈ H.

Without loss of generality, we will always assume our index set X is given by N through-

out this chapter.

This chapter is organized as follows. In Section 3.1, we give a brief historical

perspective on the development of discrete frame theory. In Section 3.2, we introduce

notations and provide fundamental tools used in the subsequent chapters. First, we

review the general theory of discrete frames, define the frame operator, and describe

some of its properties. We then provide a concrete example of a frame for R2, and

also discuss several examples demonstrating the difficulties of constructing frames in

infinite-dimensional spaces. We conclude with a discussion of ‘stability’ and what that

means for frame systems. For a complete introduction to frame theory, we refer to the

book of Ole Christensen [21].
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3.1 Historical Perspective

Discrete frames were initially introduced in 1952 by Duffin and Schaeffer in

[34], who were interested in studying non-harmonic expansions of entire functions of

exponential type. We include their original definition, which restricted the functions

under consideration.

In [34], a set of functions
{
eiλnt

}∞
n=1

is a frame over an interval (−γ, γ) if there exist

positive constants A and B, which depend exclusively on γ and the set of functions{
eiλnt

}
, such that

A ≤

1

2π

∞∑
n=1

∣∣∣∣∫ γ

−γ
g(t)eiλnt dt

∣∣∣∣2∫ γ

−γ
|g(t)|2 dt

≤ B

for every function g ∈ L2
[
(−γ, γ)

]
.

This is also the definition which appears in Young’s 1980 textbook [114] on the subject

of non-harmonic Fourier expansions, which appears to be the next major contribution

in the area.

An important step in the development of discrete frame theory coincides with

developments in general wavelet analysis in the 1980s. For the purposes of this intro-

duction, we will restrict discussion to the 1-dimensional version, but we will discuss

higher-dimensional generalizations in Chapter 5. In the 1-dimensional setting, we can

state the primary question in wavelet analysis as: what conditions are necessary on a

function ψ ∈ L2(R) so that

f =

∫ ∞
−∞

∫ ∞
−∞

cf (a, b)ψ
a,b da db, ∀f ∈ L2(R), (3.2)

where ψa,b are dilations by a and translations by b of the original function ψ, and

cf (a, b) are coefficients? This integral reproducing formula was first introduced by

Morlet and Grossmann in 1984 [64], where they determined an admissibility condition

on ψ for the above formula to hold true. This transform later became known as the

continuous wavelet transform (CWT).
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Grossmann proposed restricting the reproducing formula to a countable number

of functions ψa,b, which he published in a seminal paper in 1986 with Daubechies and

Meyer, giving the earliest constructions of discrete versions of the CWT [32] (i.e., a

discrete frame). The authors introduced discretized versions of both Gabor and wavelet

systems in terms of the action of an irreducible representation of the Heisenberg and

affine groups, respectively, on a fixed function (wavelet). These provide ‘good’ ex-

amples, wherein certain complications in reconstruction, which we discuss later, do

not arise. They were the first to generalize the original frame definition above to any

separable Hilbert space.

This work, along with other important early papers by Daubechies [31] and

Heil and Walnut [68], led to an explosion of interest in the theory of discrete frames

beginning in the early 1990s and continuing to this day. In practice, recovery of signals

from the frame coefficients in the setting of infinite dimensional Hilbert spaces requires

iterative methods, and so one desirable property is rapid convergence of any recon-

struction algorithm. The convergence rate of reconstruction is strongly related to the

gap between the bounds A and B in (3.1). Frames are therefore explicitly constructed

and optimized for specific classes of data at hand, which makes generalizing the known

frame constructions to other datasets a highly non-trivial task.

For instance, the classical Fourier basis efficiently represents a harmonic signal in

terms of its frequencies (global property of the signal); however, it represents localized

signals (i.e., functions with compact support) quite inefficiently. The study of wavelet

transforms has proven a fruitful strategy for creating novel frames in recent years.

Classical 1-dimensional wavelets may be formed in such a way as to have rapid decay

in both spatial and frequency domains, and thus may be used to construct frames

for the space of localized 1-dimensional signals. Unfortunately, generalizing classical

wavelet transform constructions even to the setting of 2-dimensional signals is not

often useful. The resulting wavelets are often isotropic and cannot provide information

about the geometry of anisotropic signals in two dimensions. However, instances of 2-

dimensional wavelet-type transforms, such as curvelet transforms (introduced in 2000,
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see [17, 18, 19, 107, 108]) and shearlet transforms (introduced in 2006, see [35, 65,

66, 80, 98]) have proven extremely successful in the analysis and denoising of signals

presenting anisotropic features.

Our focus in this thesis will be the construction of discrete frames in two settings.

First, we describe constructions of Gabor-type discrete frames (defined momentarily)

on the irregular domain of the vertex set of a graph. Second, we will construct discrete

frames for signals defined on the regular, Euclidean domain of Mn(R) by discretizing

a higher-dimensional version of the continuous wavelet transform. We now provide a

brief history of each problem.

Gabor Frames. In the classical setting, the windowed Fourier transform (WFT) is a

continuous analogue of a discrete frame and was introduced in a seminal paper by Gabor

in 1946 [51]. It was designed to measure the “frequency variations” of audio signals.

The WFT represents these 1-dimensional signals highly redundantly as 2-dimensional

time-frequency images which allows for detailed analysis of how the frequency content

of a signal changes over time.

In general, this involves pointwise multiplication by a smooth, localized function,

or time window, and modulation by a frequency. Formally, a window function g is a

square-integrable function with sufficiently rapid decay such that the mapping defined

by x 7→ xg(x) is also square-integrable. By convention one usually takes ‖g‖L2(R) = 1.

Defining gx,k(t) := g(t− x)e2πixt for x, k ∈ R, the windowed Fourier transform is given

by

S{f}(x, k) := 〈 f, gx,k 〉L2(R) =

∫ ∞
−∞

f(t)g(t− x)e−2πikt dt. (3.3)

Gabor frames generally refer to discrete versions of the above transform. That is, by

sampling a discrete subset of R2 to obtain a discrete frame defined through translations

and modulations of the function g.

Frames for Graph Signals. Much of the recent interest in developing techniques

for graph signal processing appears to stem from the introduction of the graph Fourier
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transform originally defined by Hammond, Vandergheynst, and Gribonval in their 2011

article [67]. Continued development in the field has primarily progressed along two

distinct branches. The first approach comes from the viewpoint of algebraic signal

processing, which considers general, (possibly directed) graphs [20, 94, 96]. The second

approach focuses on undirected graphs using the graph Laplacian as the basic tool to

generalize the signal processing toolkit, [67, 101]. For a complete historical review, we

refer to the recent survey article by Ortega et al. [90].

Our interest will focus on the development of frames defined for graph sig-

nals. The original paper introducing the graph Fourier transform, [67], generalizes the

wavelet transform as in (3.2) to this setting. The other primary method to generate

frames for signals defined on graphs has been through defining the discrete analogue

of (3.3), the windowed Fourier transform, to the graph setting. This is the method

presented in Chapter 4.

Continuous Frames. Both the continuous wavelet transform given in (3.2) and the

windowed Fourier transform in (3.3) are special cases of continuous frames.

Definition 3.1.1. A continuous frame for a separable Hilbert space H is a collection

of vectors
{
φx
}
x∈X , with X a locally compact Hausdorff space equipped with a positive

Radon measure µ, satisfying

A‖f‖2
H ≤

∫
X

|〈 f, φx 〉H|2 dµ(x) ≤ B‖f‖2
H, ∀f ∈ H, (3.4)

for some positive real numbers A and B.

Notice that when µ is the counting measure on a countable space X, this agrees

with the previous definition of a discrete frame given in (3.1). The definition is also

that of equivalent norms between the original Hilbert space H and L2(X).

The term ‘continuous frame’ is attributed to Ali, Antoine, and Gazeau in [2],

although the concept did not originate with them. General continuous frames for

L2(Rn) were known to Calderón in the 1960s (see [16])—as such, some authors refer
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to the following as the Calderón reproducing formula (for example, [81]). Essentially,

when
{
φx
}
x∈X is a continuous frame, there exist vectors

{
φ̃x
}
x∈X , called the dual

frame, such that

f =

∫
X

〈 f, φ̃x 〉φx dµ(x) ∀f ∈ H,

where the integral is interpreted in the weak sense. Continuous frames were also studied

by Kaiser in [77, Chapter 4] under the name generalized frames.

The Discretization Problem. The interest for physicists in integral reproducing

formulas, as in Equation (3.4), dates back to Schrödinger in 1926 [97], where he in-

troduced the idea of coherent states, an important idea in quantum mechanics. The

links between coherent states, Gabor systems, and wavelet systems are well-explained

in both the original 1986 paper of Daubechies, Grossmann, and Meyer [32], as well as

Daubechies’ 1990 article [31]. The question of classifying which continuous reproducing

formulas (as special cases of coherent states) could be discretized was first posed by the

mathematical physicists Ali, Antoine, and Gazeau in 2000 in their physics textbook

[3], and is known in the literature as the discretization problem.

Existence proofs of such discretizations for general Banach spaces date back

to the late 1980s and the work of Feichtinger and Gröchenig in the articles [38, 39].

Gröchenig further developed the theory for Hilbert spaces in [63], which gives an early

result stating that if the orbit of an irreducible, unitary, integrable representation is

dense in the Hilbert space, then a discrete frame can be constructed [63, Theorem

T]. This result was strengthened in 2007 by Führ and Gröchenig to show that if the

representation is an irreducible, unitary, square-integrable group representation, then

the continuous reproducing formula may always be sampled to obtain a discrete frame

[48, Theorem 4.1]. This question was only fully answered by Freeman and Speegle in

a very recent article; the authors prove that if the reproducing function (i.e., the map

ψ 7→ ψa,b in (3.2)) is bounded almost everywhere, then the continuous frame formula

may be sampled to obtain a discrete frame [44, Theorem 1.3].
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Building on several of the previously mentioned works, Führ and Oussa, [50],

found large classes of Lie groups G for which L2(G) admits discrete frames of translates.

Additionally, they proved several necessary and some sufficient conditions for existence

of such discrete frames. In contrast, it was shown by Kutyniok in [79, Proposition 4.11]

that L2(Rn) does not admit discrete frames of pure translates or dilations, in the sense

that no collections of the form
⋃r
k=1

{
gk(x − a)

}
a∈Γk

or
⋃r
k=1

{
b−1/2gk(b

−1x)
}
b∈Γk

can

form a frame for L2(Rn). This demonstrates the necessity of more complex methods,

such as the one we explore in Chapter 5.

3.2 Discrete Frame Theory

The main question regarding discrete frames is one we have already seen asked

in the context of wavelet and Gabor systems as discussed in the previous section: what

conditions are necessary on an arbitrary sequence of vectors
{
φi
}
i∈N in a Hilbert space

H so that there exist coefficients
{
cf (i)

}
i∈N such that

f =
∑
i∈N

cf (i)φi

for all f ∈ H?

When the upper frame bound holds in Definition 3.0.1, then the sequence{
φi
}
i∈N is called a Bessel sequence in H with Bessel bound B. For Bessel sequences,

we have the following result.

Theorem 3.2.1 ([21, Theorem 3.2.3]). Let
{
φi
}
i∈N be a sequence in H and B > 0 be

given. Then
{
φi
}
i∈N is a Bessel sequence with Bessel bound B if and only if

T{ci}i∈N =
∑
i∈N

ciφi.

is a well-defined bounded operator from `2(N) into H and ‖T‖op ≤
√
B, where the

operator norm ‖T‖op is given by

‖T‖op = sup
f∈H

{
‖Tf‖H

∣∣∣ ‖f‖H = 1
}
.
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Having a Bessel sequence is not sufficient to always obtain series expansions. However,

the existence of both the upper and lower frame bounds in Definition 3.0.1 is a sufficient

condition for this to occur. In that case, the bounded operator T in Theorem 3.2.1 is

called the synthesis, pre-frame, or reconstruction operator. Then by [21, Lemma 3.2.1],

the adjoint of T , denoted T ∗ : H → `2(N), is given by

T ∗f =
{
〈 f, φi 〉

}∞
i=1
.

Example 3.2.2 (Mercedes-Benz Frame). One of the nicest, non-trivial examples of a

frame for a finite dimensional Hilbert space is the so called Mercedes-Benz frame for

R2. The frame
{
φi
}3

i=1
is given by the vectors

φ1 =

 0√
2
3

 , φ2 =

−1√
2

−1√
6

 , φ3 =

 1√
2

−1√
6

 .

In finite dimensional vector spaces, the synthesis operator is given by the matrix with

the frame vectors as columns:

T =

(
φ1 φ2 φ3

)
.

One can easily check that, for this example, TT ∗ = I2, where In is the n × n identity

matrix. With this observation, it is clear that for any vector v ∈ R2 we have

v = (TT ∗)v =
3∑
i=1

〈 v, φi 〉φi.

Let us take a moment to consider why this frame might provide a ‘better’ representation

for a vector over the representation in the standard orthonormal basis of R2. First note

that the synthesis operator maps R3 to R2, so clearly T has a non-trivial kernel. In

fact, ker(T ) = span
{

(1, 1, 1)>
}

. Therefore, any shift of the frame coefficients by a

multiple of the all ones vector will still result in perfect reconstruction. For example,

if one takes the standard basis vector e1, then

T ∗e1 =


0

− 1√
2

1√
2


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φ1

φ2 φ3

x1

x2

Figure 3.1: The Mercedes-Benz frame in R2.

However, if the encoded frame coefficients are all perturbed by any constant α ∈ R,

then upon reconstruction we have

T


α

α− 1√
2

α + 1√
2

 = T


α

α

α

+ T


0

− 1√
2

1√
2

 =

1

0

 .

So a perturbation by any vector in the kernel of the synthesis operator vanishes when

recovering the vector. Since the dimension of the range of T is fixed, as the level of

redundancy increases, so does the dimension of the kernel. This allows for additional

error cancellation to occur when reconstructing the function from its frame coefficients.

As the synthesis operator for a basis will always have a trivial kernel, this phenomenon

never happens with regards to reconstruction from a basis.

Define the operator S := TT ∗ : H → H, which is usually referred to as the

frame operator. In the previous example, S was the identity operator on H. When this

occurs, the frame is called a Parseval tight frame or 1-tight frame, as the corresponding

frame bounds are A = B = 1. In general, if TT ∗ = kI, then the frame bounds are

A = B = k, and we say the columns of T form a k-tight frame. Tight frames are

particularly ‘nice’ examples of frames.
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For optimal frame bounds A and B, the condition number for the frame is

defined as the ratio B
A

. This quantity is clearly bounded below by 1. The condition

number can be thought of as a measurement on how perturbations (errors) in the frame

coefficients propagate in calculations involving the frame. The closer the condition

number is to its lower bound of 1, the better conditioned the frame system. As a result,

there is a great deal of interest in constructing tight frames like the one illustrated

in Example 3.2.2. For tight frames, the reconstruction formula (provided shortly) is

similar to that given for an orthonormal basis. As such, Parseval tight frames can be

thought of as the generalizations of orthonormal bases in the setting of frames.

The following results provide some properties of the operator S and how it can

be used to generate a new family of vectors which can be useful in reconstruction

formulas.

Lemma 3.2.3 ([21, Lemma 5.1.5]). Let
{
φi
}
i∈N be a frame with frame operator S and

frame bounds A,B. Then the following hold:

1. S is bounded, invertible, self-adjoint, and positive.

2.
{
S−1φi

}
i∈N is a frame with frame bounds B−1, A−1; if A,B are the optimal frame

bounds for
{
φi
}
i∈N, then the bounds B−1, A−1 are optimal for

{
S−1φi

}
i∈N. The

frame operator for
{
S−1φi

}
i∈N is S−1.

When
{
φi
}
i∈N forms a frame, but not a tight frame, reconstruction requires a

second family of vectors, as described in the following definition.

Definition 3.2.4. Let
{
φi
}
i∈N be a discrete frame for a Hilbert space H. A collection

of vectors
{
ϕi
}
i∈N is said to be a dual frame to

{
φi
}
i∈N if

f =
∑
i∈N

〈 f, ϕi 〉φi, ∀f ∈ H.

In particular, the set of vectors
{
S−1φi

}
i∈N described in Lemma 3.2.3, known

as the canonical dual frame, has the following properties.
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Theorem 3.2.5 ([21, Theorem 5.1.6]). Let
{
φi
}
i∈N be a frame with frame operator S.

Then for all f ∈ H, we have

f =
∑
i∈N

〈 f, S−1φi 〉φi =
∑
i∈N

〈 f, φi 〉S−1φi.

Both series converge unconditionally for all f ∈ H.

Combining some of our previous discussion, we have that if the vectors form

a tight frame then S = AI. Clearly, in this case, S−1 = 1
A
I, so the reconstruction

formula is given by f = A−1
∑

i∈N 〈 f, φi 〉φi. By scaling the vectors as
{
A−1/2φi

}
i∈N,

any A-tight frame becomes a Parseval tight frame. More generally, the optimal frame

bounds A and B are related to the operator norm of S as follows.

Theorem 3.2.6 ([21, Theorem 5.4.4]). The optimal frame bounds A and B for a frame{
φi
}
i∈N are given by

A =
∥∥S−1

∥∥−1

op
, B = ‖S‖op .

Remark 3.2.7. When S is compact, we can combine Lemma 3.2.3 with Theorem

3.2.6, along with standard results from functional analysis regarding the spectrum of

self-adjoint, compact operators to see that A and B are the minimum and maximum

eigenvalues of the operator S in this case. In particular, this is true if H is any

finite dimensional Hilbert space. We will use this relationship in Chapter 4 to obtain

the optimal frame bounds for a family of graph signals in finite dimensional spaces.

Therefore we prove the theorem only for this case.

Corollary 3.2.8 ([21, Theorem 1.3.1]). Let
{
φk
}m
k=1

be a frame for a finite dimen-

sional Hilbert space H with frame operator S. Then the optimal lower and upper frame

bounds are given by the smallest eigenvalue and largest eigenvalue of the matrix S.

Proof. Let
{
φk
}m
k=1

be a frame for the Hilbert space H of dimension n < ∞, with

frame operator S. As S is self-adjoint, H admits a basis of orthonormal eigenvectors{
ek
}n
k=1

of S with corresponding eigenvalues
{
λk
}n
k=1

. Then for f ∈ H, we can write

Sf =
n∑
k=1

〈 f, ek 〉Sek =
n∑
k=1

λk〈 f, ek 〉 ek.
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Also,
m∑
k=1

|〈 f, φk 〉|2 = 〈T ∗f, T ∗f 〉 = 〈Sf, f 〉 =
n∑
k=1

λk|〈 f, ek 〉|2.

Taking λmin and λmax be the smallest and largest eigenvalues, respectively, we have

that

λmin ‖f‖2 ≤
m∑
k=1

|〈 f, φk 〉|2 ≤ λmax ‖f‖2 .

To see that equality is achieved, note that for ei,
m∑
k=1

|〈 ei, φk 〉|2 = λi ‖ei‖2 .

Stability. In infinite dimensional Hilbert spaces, the frame operator S is often not ex-

plicitly known, and can be quite difficult to compute. As such, reconstruction from the

frame coefficients often requires iterative methods to approximate S, and the conver-

gence rate of these iterative methods depends strongly on the frame condition number

B
A

. Consequently, one of the common design goals in applications of frame theory is

to minimize this ratio. To illustrate what we mean by stability of a frame system, we

provide a toy example showing how the lack of a lower or upper frame bound affects

the representation of vectors and their reconstruction.

Example 3.2.9. Let I be some interval and
{
en
}∞
n=1

be a complete orthonormal system

for L2(I). Then
{

1
n
en
}∞
n=1

and
{
nen
}∞
n=1

are biorthogonal systems with each being a

(Schauder) basis as

f =
∞∑
n=1

〈 f, en 〉 en =
∞∑
n=1

〈 f, en
n
〉︸ ︷︷ ︸

cn

nen =
∞∑
n=1

〈 f, nen 〉︸ ︷︷ ︸
dn

en
n
.

The set
{
nen
}∞
n=1

is the original orthonormal basis with each vector stretched

progressively larger. As the expansions are unique, if this formed a frame, the frame

coefficients for f ∈ L2(I) would be given by
{
〈 f, en

n
〉
}∞
n=1

. If we consider the original

sequence, then each basis function has norm one in L2(I), but

‖Tei‖2
`2(N) =

∞∑
n=1

∣∣∣〈 ei, en
n
〉
∣∣∣2 =

1

i2
.
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Since the limit goes to zero as i tends to infinity, no lower frame bound can exist.

If we consider some error occurring at index m (due to transmission of the

data through a noisy channel or round-off error, for example), and we reconstruct the

function f as f̃ from the coefficients {cn}n6=m ∪ {c̃m}, then the distance between the

original and reconstructed functions in L2(I) is given by∥∥∥f − f̃ ∥∥∥2

L2(I)
= ‖cmmem − c̃mmem‖2

L2(I) = |cm − c̃m|2m2.

So even a small difference between frame coefficients cm and c̃m results in reconstructing

a function which is not close to the original if the index m is large.

Similarly, when considering the set
{
en
n

}∞
n=1

, the upper frame bound fails as our

sampling points cluster near the origin. Again, if we consider some difference between

coefficients at index m, the difference between the functions in L2(I) is given by∥∥∥f − f̃∥∥∥2

L2(I)
=
∥∥∥dm em

m
− d̃m

em
m

∥∥∥2

L2(I)
= |dm − d̃m|2

1

m2
.

In the case of the upper frame bound failing, we can have two functions in L2(I)

which are very close together in the original Hilbert space, but their coefficients in the

basis grow arbitrarily far apart as the index grows. Therefore by stability in the frame

system, we mean that for two functions which are close in the Hilbert space norm,

their corresponding representations in the frame system should be relatively close, and

the frame condition number gives a good indication of how much disparity is possible

between these two representations.

Intuitively, then, we can think of the existence of the lower frame bound as

a guarantee that the set of frame vectors contains a sufficiently dense collection of

sampling points to stably reconstruct any function. Similarly the existence of the

upper frame bound implies that the frame vectors are not “too crowded together”

for stable reconstruction. For a formal approach to this intuition regarding density

for wavelet systems (discussed in Chapter 5), we refer to the research monograph of

Kutyniok [79]. For the same discussion for Gabor frames, see [22].

Example 3.2.9 provides an example of a spanning set
{
φi
}
i∈N in an infinite

dimensional Hilbert space that fails to be a frame, even though every f ∈ H has a
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unique series expansion when considering this set as a basis. This is in stark contrast

to the finite dimensional setting, where every finite spanning set forms a frame.

Theorem 3.2.10 ([21, Proposition 1.1.2]). Let
{
φn
}m
n=1

be a sequence in a Hilbert space

H. Then
{
φn
}m
n=1

is a frame for the vector space V := span
{
φn
}m
n=1

.

In our final example for this chapter, we demonstrate the existence of a complete

set of vectors in an infinite dimensional Hilbert space for which some functions do not

have any possible series expansions with respect to this set.

Example 3.2.11 ([21, Example 5.4.6]). Let H be an infinite dimensional Hilbert space

with a complete orthonormal sequence
{
ek
}∞
k=1

, and let
{
φk
}∞
k=1

= ek + ek+1. We will

show that this sequence is complete, Bessel (the upper frame bound holds), but that

the sequence does not form a frame as there exist f ∈ H which cannot be written as

a series expansion in terms of the sequence
{
φk
}∞
k=1

.

Proof. To see that the sequence is complete, assume that f ∈ H satisfies

〈 f, φk 〉 = 0, ∀k ∈ N.

Then 〈 f, ek 〉+ 〈 f, ek+1 〉 = 0 for all k ∈ N , which implies that |〈 f, ek 〉| is a constant.

However, by Parseval’s identity, we have that

∞∑
k=1

|〈 f, ek 〉|2 = ‖f‖2 ,

which is only possible if 〈 f, ek 〉 = 0 for all k. We conclude that f = 0 and
{
φk
}∞
k=1

is

complete.
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To see that the set
{
φk
}∞
k=1

is a Bessel sequence, we use the standard inequality

(a+ b)2 ≤ 2(a2 + b2), to obtain for any f ∈ H
∞∑
k=1

|〈 f, φk 〉|2 =
∞∑
k=1

|〈 f, ek 〉+ 〈 f, ek+1 〉|2

≤
∞∑
k=1

(|〈 f, ek 〉|+ |〈 f, ek+1 〉|)2

≤ 2
∞∑
k=1

|〈 f, ek 〉|2 + 2
∞∑
k=1

|〈 f, ek+1 〉|2

≤ 4 ‖f‖2

This provides an upper frame bound. However, the frame condition fails to hold, which

can be seen by considering the functions

gj :=

j∑
n=1

(−1)n+1en, ∀j ∈ N.

Indeed, it is easy to see that ‖gj‖2 = j for each j ∈ N, and for any fixed j, a straight-

forward calculation shows that

〈 gj, φk 〉 =

 0, if k 6= j;

(−1)k+1 if k = j.

Therefore
∞∑
k=1

|〈 gj, φk 〉|2 = |〈 gj, φj 〉|2 = 1 =
1

j
‖gj‖2 .

As this holds for every j ∈ N, we conclude the lower frame condition fails for the set{
φk
}∞
k=1

.

Finally, to demonstrate that there are vectors f ∈ H which do not have any

series expansions with respect to the complete set
{
φk
}∞
k=1

, consider the almost trivial

example of f = e1. Suppose to the contrary, that there is a sequence
{
ck
}∞
k=1

such that

e1 =
∞∑
k=1

ckfk =
∞∑
k=1

ck(ek + ek+1).

39



Then c1 = 〈 e1, e1 〉 = 1. For k ≥ 2, we have 0 = 〈 e1, ek 〉 = ck−1 + ck. It follows that

e1 =
∞∑
k=1

(−1)k+1(ek + ek+1).

However, ∥∥∥∥∥e1 −
n∑
k=1

(−1)k+1(ek + ek+1)

∥∥∥∥∥
2

H

=
∥∥(−1)n+1en+1

∥∥2

H = 1.

In Example 3.2.11, the operator T : `2(N) → H given by T :
{
ck
}∞
k=1
→
∑∞

k=1 ckφk is

still a well-defined bounded operator into H by Theorem 3.2.1. However, in this case T

is not surjective and consequently we do not have unconditionally convergent infinite

series representations in terms of the vectors
{
φk
}∞
k=1

for every f ∈ H. This partially

demonstrates why constructing frames in the case of infinite dimensional Hilbert spaces

can be a highly non-trivial task.
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Chapter 4

PART I: FRAMES FOR GRAPH SIGNALS

4.1 Introduction

Our contribution in this chapter is twofold. First, we propose a general frame-

work for constructing Gabor-type frames for signals on graphs. Our approach uses

general and flexible families of translation operators which include many previous con-

structions such as those provided in [53, 59, 94, 103]. For each such family of trans-

lations, we obtain the sharp frame bounds for the associated frames. We also provide

worst-case bounds for arbitrary choices of the localizing function.

In the second part of the chapter, we examine the constructed frames in the

special case where the graph Γ is a normal Cayley graph. In this case, an orthonormal

basis of eigenvectors of the adjacency matrix or the graph Laplacian of the graph can

be explicitly obtained by exploiting the representation theory of the associated group

[6]. Using this basis, we are able to study properties of our Gabor-type frames and how

they relate to the structure of the underlying group: an investigation which initially

began in [55].

Previous Work on Graph Frames. Efforts to directly generalize multiresolution

and wavelet analysis to the graph setting can be found in [23, 28, 54, 60, 74, 82, 87].

Early methods to construct frames based on the eigen decomposition of the graph

Laplacian are given by Coifman and Maggioni in [25] and by Maggioni and Mhaskar

in [86]. In [67], Hammond, Vandergheynst and Gribonval define the graph Fourier

transform and apply it to construct wavelet frames for graphs. Other examples of

wavelet-type frames based on the graph Fourier transform can be found in [33, 83,
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100, 104, 115]. Studies exploring fundamental limits of how efficiently signals can

be represented in terms of uncertainty principles can be found in [92, 113], and a

proposed fast algorithm to implement frames on graphs can be found in [75]. Some of

the extensive work of defining Gabor-type frames in the graph setting, often referred

to as vertex-frequency analysis, can be found in [8, 9, 102, 103, 104, 109, 111, 112].

Summaries of most of the references mentioned (and many more) can be found in the

survey articles [61, 90, 105] or collected in the recent book [106].

In the present chapter we focus on the problem of constructing Gabor-type

frames for signals defined on graphs. Most existing literature focuses on designing

frames based on fixed choices of translation and modulation operators. In contrast,

we fix the modulation operator most commonly applied in other constructions, but

consider arbitrary collections of linear operators serving as translation operators. We

obtain both necessary and sufficient conditions for the collection of translation and

modulation acting on a fixed localization function to form a frame. Additionally,

we obtain the sharp frame bounds for any construction that falls within our general

framework, and compute the relevant frame bounds for several constructions which

exist in the literature. To our knowledge, we are also the first to study the behavior

of specific choices of translation on normal Cayley graphs and relate them back to the

underlying group structure.

Organization. The remainder of this chapter is organized as follows. In Section 4.2

we collate all necessary definitions, notations, and background on the graph Fourier

transform and graph signal frames. In Section 4.3, we include our main result: a general

construction for Gabor-type frames for graph signals. In Section 4.4, we analyze the

special case when the graph is Cayley. We conclude this chapter with an example which

demonstrates the importance of carefully choosing the basis of eigenvectors associated

to the graph in the case where it has repeated eigenvalues.

Much of this chapter represents joint work with Mahya Ghandehari and Do-

minique Guillot. Several of the results from Section 4.4 appear in [55], while the rest
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will be submitted soon [56]. Most work in Section 4.3 involved equal contributions by

all authors. The work in Section 4.4 was primarily my own, but involved many helpful

observations and suggestions from both advisors.

4.2 Notations and Definitions

Recall a graph Γ is a pair (V,E) where we assume V =
{

1, 2, 3, . . . , N
}

and

E ⊆ V ×V , the Cartesian product. Then the adjacency matrix AΓ has entries (i, j) = 1

when there is an edge from vertex i to vertex j; or equivalently, when (i, j) ∈ E and

0 if (i, j) /∈ E. The matrix DΓ is the diagonal matrix with entry di,i equal to the

degree of vertex i. A graph is undirected if (i, j) ∈ E implies (j, i) ∈ E, that is, if the

relation E is symmetric. The following definition of the graph Fourier transform is a

direct generalization of the classical Fourier transform for vectors in CN introduced in

Section 2.2.1.

Graph Fourier Transform Fix an undirected graph Γ with N vertices and choice

of associated graph matrix (i.e., AΓ or LΓ = DΓ − AΓ). Let
{
φj
}N
j=1

be a fixed

orthonormal basis of eigenvectors for the matrix, associated to (repeated) eigenvalues{
λj
}N
j=1

. Inspired by commutative Fourier analysis, the graph Fourier transform was

introduced by Hammond, Vandergheynst, and Gribonval in [67] as the expansion of the

vector f ∈ CN in terms of the orthonormal basis
{
φj
}N
j=1

. More precisely, the Fourier

coefficients of f are given by

f̂(φk) = 〈 f, φk 〉CN =
N∑
j=1

f(j)φk(j). (4.1)

Equivalently, letting Φ be the matrix whose jth column is φj, we have f̂ = Φ∗f. The

inverse graph Fourier transform is then given by f = Φ̂f, or

f(k) =
N∑
j=1

f̂(φj)φj(k). (4.2)
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See [90, 94, 95, 101] for more details on the graph Fourier transform and the associated

theory.

Remark 4.2.1. Let θN = e
2πi
N denote the first primitive N -th root of unity. We identify

the function χk on ZN in (2.10) with the column vector
(
θkN , θ

2k
N , · · · , θ

(N−1)k
N

)>
in CN ,

which we denote again by χk. The set of vectors
{
N−1/2χk

∣∣ k = 0, . . . , N − 1
}

forms an orthonormal basis for CN . Applying formulas similar to (4.1) and (4.2), we

obtain the graph Fourier transform from the classical formulas (2.11) and (2.12). We

remark that the two transforms differ only in multiplicative factors, which arise from

the different normalizations of the Haar measure.

4.3 Gabor Frames for Graph Signals

A natural approach to construct frames involves applying a time-frequency shift

operator to a given function g. In Section 3.1, we introduced the work of Gabor from

his seminal 1946 paper [51], where he proposes constructing such frames for functions

in L2(R) by defining

gu,ξ(t) := (MξTug)(t) = g(t− u)e2πiξt,

where (Tug)(t) = g(t − u) and (Mξg)(t) = e2πiξtg(t) denote the standard translation

and modulation operators on L2(R) from Definition 2.2.4. Such frames are commonly

used in science and engineering and have been extensively studied (cf. chapters 11-14

of [21] for more details).

Notation 4.3.1. In this chapter, for a vector u ∈ Cn, we denote an n × n diagonal

matrix with diagonal entries u1, . . . , un as diag(u) or diag(u1, . . . , un).

Previous Gabor Frame Construction Guided by classical commutative Fourier

analysis, the work in [103] relies on extending the notions of convolution, modulation,

and translation introduced in Definition 2.2.4 via the graph Fourier transform given
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in (4.1). To elaborate, define the convolution of two signals f, g on a graph Γ on N

vertices to be the pointwise product in the Fourier domain

f ∗ g = Φ(̂f ◦ ĝ), (4.3)

where we use ◦ to denote entry-wise (Hadamard) multiplication of matrices. This

convolution naturally leads to a notion of translation by defining

Tjf =
√
N(f ∗ δj) (j = 1, . . . , N), (4.4)

where δj denotes the Kronecker delta function centered at vertex j, i.e.,

δj(k) = δj,k =

 1 if k = j

0 otherwise.

Finally, signal modulation is defined as entrywise multiplication with the basis func-

tions:

Mjf = φj ◦ f, for j = 1, . . . , N. (4.5)

Using these ideas, Shuman et al. [103] defined a frame for graph signals that is analogous

to the classical construction of Gabor frames on the real line. Given g : V (Γ)→ C, let

gj,k := MkTjg for j, k = 1, . . . , N. (4.6)

One of the main results of [103] is the fact that, under mild assumptions, the functions

gj,k define a frame that can be used to analyze signals on Γ.

Theorem 4.3.2 ([103], Theorem 3). Let
{
φj
}N
j=1

be an orthonormal basis of eigenvec-

tors of the graph Laplacian of Γ and let g ∈ CN . If
∑N

j=1 g(j) 6= 0 then the collection

of functions
{
gj,k
}
j,k=1,...,N

is a frame, i.e., for all f ∈ RN ,

N

min
n=1

{
N ‖Tng‖2

2

}
‖f‖2

2 ≤
N∑
j=1

N∑
k=1

|〈 f, gj,k 〉|2 ≤
N

max
n=1

{
N ‖Tng‖2

2

}
‖f‖2

2 (4.7)
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General Gabor Frames for Graphs A major difficulty that arises in the construc-

tion of Gabor frames for graph signals is the lack of a canonical notion of translation.

Indeed, many notions of translations or shifts for signals on graphs have been defined

in the literature, including:

1. the translation operators Tj introduced by Shuman, Ricaud, and Vandergheynst

[103], and defined via convolution with delta functions (see (4.4));

2. the linear isometric shift operator introduced by Girault, Gonçalves, and Fleury

[59];

3. the energy-preserving shift operator introduced by Gavili and Zhang [53];

4. translation induced by the adjacency matrix of the graph, as proposed by Sandry-

haila and Moura [94];

5. translation induced by pointwise multiplication with personalized PageRank vec-

tors defined by Tepper and Sapiro [109], and;

6. the neighborhood preserving translation defined by Pasdeloup et al., [62, 91].

A common feature of the above transformations is that they operate linearly

on a given signal g. The resulting frames are therefore all instances of the following

general construction, for which we obtain the sharp frame bounds.

Theorem 4.3.3. Let
{
φj
}N
j=1

be an orthonormal basis of CN , let A1, A2, . . . , AS be an

arbitrary collection of complex N ×N matrices, and let g ∈ CN . For m = 1, . . . , S and

` = 1, . . . N , define

gm,` := φ` ◦ (Amg), (4.8)

where ◦ denotes the entrywise product. Also let

v = (vk)
N
k=1 :=

S∑
j=1

|Ajg|2, (4.9)
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where the modulus and square operations are performed entrywise. Then the collection

of vectors
{
gm,`

∣∣ m = 1, . . . , S, ` = 1, . . . , N
}

forms a frame if and only if vk > 0

for all k = 1, . . . , N . Moreover, in that case,

A ‖f‖2
2 ≤

S∑
m=1

N∑
`=1

|〈 f, gm,` 〉|2 ≤ B ‖f‖2
2

with optimal frame bounds A := minNk=1 vk and B := maxNk=1 vk.

Proof. For i = 1, . . . , N , let Di denote the diagonal matrix with k-th diagonal entry

equal to the k-th term of the vector φi. Using that notation, observe that we have

gm,` = D`Amg. Now, consider the matrix whose columns are the vectors gm,`:

T :=

(
D1A1g D1A2g . . . D1ASg D2A1g D2A2g . . . D2ASg . . . DNASg

)
.

By Corollary 3.2.8, the associated optimal frame bounds are given by the smallest

and largest eigenvalues of TT ∗. Using this fact, it is easy to see that the collection{
gm,`

∣∣ m = 1, . . . , S, ` = 1, . . . , N
}

is a frame if and only if the matrix TT ∗ is

positive definite. Here, we have

TT ∗ =
N∑
i=1

S∑
j=1

DiAjgg
∗A∗jD

∗
i .

Now, observe that for any diagonal matrix D = diag(u) and any matrix M , we have

DMD∗ = M ◦ (uu∗). Hence,

TT ∗ =
N∑
i=1

S∑
j=1

[(Ajg)(Ajg)∗] ◦ (φiφ
∗
i )

=
S∑
j=1

[(Ajg)(Ajg)∗] ◦

(
N∑
i=1

φiφ
∗
i

)

=
S∑
j=1

[(Ajg)(Ajg)∗] ◦ IN ,

where the last line follows from the fact that the φi’s form an orthonormal basis of

CN . Hence TT ∗ is diagonal with diagonal entries given by
∑S

j=1 |Ajg|2. The result

now follows immediately from Corollary 3.2.8.
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Corollary 4.3.4. In the same setting as Theorem 4.3.3, the family

{
gm,`

∣∣ m = 1, . . . , S, ` = 1, . . . , N
}

forms a frame if and only if for every 1 ≤ k ≤ N there exists 1 ≤ j ≤ S such that

(Ajg)k 6= 0.

While Theorem 4.3.3 provides explicit frame bounds for (4.8), it is not immedi-

ately clear how the entries of the vector v in (4.9) vary with the vector g. The following

result provides a different description of the entries of v that clarifies this relationship.

Theorem 4.3.5. Consider the same setting as Theorem 4.3.3 with Aj :=
(
a

(j)
k,`

)N
k,`=1

and v ∈ CN as in (4.9). For k, ` = 1, . . . , N , define wk,` ∈ CS by

wk,` :=
(
a

(j)
k,`

)S
j=1
,

and let

Ck :=
(
〈wk,`,wk,m 〉

)N
`,m=1

=

(
S∑
j=1

a
(j)
k` a

(j)
km

)N

`,m=1

∈ CN×N . (4.10)

Then vk = g∗Ckg for any 1 ≤ k ≤ N . In particular, the family of functions
{
gm,`

}
forms a frame if and only if g 6∈

⋃N
k=1 kerCk.

Proof. The kth entry of v is given by

vk =
S∑
j=1

∣∣∣∣∣
N∑
`=1

a
(j)
k` g`

∣∣∣∣∣
2

=
S∑
j=1

(
N∑
`=1

a
(j)
k` g`

)(
N∑
m=1

a
(j)
kmgm

)

=
S∑
j=1

N∑
`,m=1

a
(j)
k` a

(j)
kmg`gm

=
N∑

`,m=1

gm 〈wk`,wkm 〉 g`

= g∗Ckg,

where Ck is as in (4.10).
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Note that, for each k, the matrix Ck in Theorem 4.3.5 is the Gram matrix generated

by the vectors
{
wk,j

}N
j=1

, therefore each is a positive semidefinite Hermitian matrix.

Using Theorem 4.3.5, we immediately obtain useful estimates on the frame bounds

given in Theorem 4.3.3, as well as the resulting condition number of the frame. Given

a Hermitian matrix M , denote by λmin(M) and λmax(M) the smallest and largest

eigenvalues of M , respectively. The following result provides estimates on the frame

bounds that are independent of g.

Corollary 4.3.6. Consider the same setting as Theorem 4.3.3, and assume further-

more that ‖g‖ = 1. Then

N

min
k=1

λmin(Ck) · ‖f‖2
2 ≤

S∑
m=1

N∑
`=1

|〈 f, gm,` 〉|2 ≤
N

max
k=1

λmax(Ck) · ‖f‖2
2,

In particular, if minNk=1 λmin(Ck) > 0, then G :=
{
gm,`

∣∣ m = 1, . . . , S, ` = 1, . . . , N
}

forms a frame whose condition number κ(G) satisfies

κ(G) ≤ maxNk=1 λmax(Ck)

minNk=1 λmin(Ck)
.

We can further refine the analysis of the condition number for the frame G given

in Corollary 4.3.6 as follows. Recall that λ ∈ C is said to be an eigenvalue of the matrix

pencil A− zB if

det(A− λB) = 0.

In that case, there exists v ∈ CN\{0} such that Av = λBv. When B is positive definite,

the case we will focus on below, the eigenvalue problem for the pencil is equivalent to

the standard Hermitian eigenvalue problem

B−1/2AB−1/2x = λx. (4.11)

If v is an eigenvector of the pencil A − λB, then x = B1/2v is an eigenvector of the

modified problem (4.11) corresponding to the same eigenvalue. As a consequence, the

pencil has exactly n real eigenvalues λ1 ≤ · · · ≤ λN that can be computed via the

Courant-Fischer min-max principles:

λj = min
dimU=j

max
u∈U

u∗Au

u∗Bu
= max

dimU=N−j+1
min
u∈U

u∗Au

u∗Bu
.
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In particular,

λ1 = min
u∈CN

u∗Au

u∗Bu
λN = max

u∈CN

u∗Au

u∗Bu
. (4.12)

See, e.g., [73, 84] for more details about matrix pencils.

As a consequence of the above, we immediately obtain the following sharp upper

bound on the condition number of the frame
{
gm,`

}
under the assumption that ‖g‖ = 1.

For two Hermitian positive definite matrices A,B, let λmin(A,B) and λmax(A,B) denote

the smallest and largest eigenvalues of the pencil A− zB respectively.

Theorem 4.3.7. Let G :=
{
gm,`

∣∣ m = 1, . . . , S, ` = 1, . . . , N
}

with gm,` as in

Theorem 4.3.3. Let Ck be as in (4.10) and assume C1, . . . , CN are positive definite.

Then

sup
‖g‖=1

κ(G) = max
k,`=1,...,N

λmax(Ck, C`). (4.13)

Equality is attained when g is an eigenvector associated to the generalized eigenvalue

problem Ck∗ − λC`∗, where k∗ and `∗ are values of k and ` attaining the maximum in

(4.13).

Proof. By Theorems 4.3.3 and 4.3.5, we have

κ(G) =
maxNk=1 g

∗Ckg

minN`=1 g
∗C`g

= max
k,`=1,...,N

g∗Ckg

g∗C`g
.

The result follows from (4.12) upon maximizing over g.

4.3.1 Applications to Special Translation Operators

For signals defined on graphs, several translation operators that have been pro-

posed in the literature share the common feature that they operate by entry-wise

multiplication in the Fourier domain, i.e.,

T̂g = f̂ ◦ ĝ
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for some f ∈ CN . That is, they can be realized as Fourier multipliers. A Fourier

multiplier of a locally compact abelian group is a function T associated with the map

m : Ĝ→ C and can be defined via the formula

T̂ f(ξ) := m(ξ)f̂(ξ)

for all f ∈ L1(G). Using the notion of convolution defined in (4.3), this is equivalent

to Tg = f ∗ g. Equivalently, for a given vector w ∈ CN , denote by Dw the diagonal

matrix with diagonal entries w1, w2, . . . , wN . Then the above operator can be written

T = ΦDf̂Φ
∗. (4.14)

The observation that graph translation as defined in (4.4) could be written

as a Fourier multiplier was originally published in [7], but we also consider several

other examples below. In fact, the first four examples of translation or shift given at

the beginning of this section are special instances of this construction. We remark

that some proposed translations, such as pointwise multiplication with vectors in the

vertex domain [109], can not be written as Fourier multipliers. However, when using

polynomials of the adjacency matrix as in [94], this is obviously a Fourier multiplier as

for any polynomial P ∈ C[x],

TP := P (A) = P (ΦDλΦ
∗) = ΦP (Dλ)Φ

∗,

where Dλ is the diagonal matrix with entries
{
λi
}N
i=1

. We briefly summarize how the

first three examples of translations manifest as Fourier multipliers below.

Example 1. In [101, 102, 103], the translation operator Ti is defined by convolution

with
√
Nδi. As in (4.14), this convolution can be written as

Ti = ΦD√Nδ̂iΦ
∗.

Example 2. The isometric shift operator given by [59] can be realized as the Fourier

multiplier

T̂ f(φk) = exp

(
−iπ
√
λk√
ρ

)
f̂(φk),
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where ρ is chosen to be upper bound on the largest eigenvalue of the graph Laplacian.

Consequently, when using the basis of eigenvectors for the Laplacian,
√

λk
ρ
∈ [0, 1].

Example 3. Taking a similar approach to [59], [53] defines two translation operators

T̂1f(φk) = exp (iωk) f̂(φk), T̂2f(φk) = exp

(
i

(
c− 2π(k − 1)

N

))
f̂(φk),

where ωk ∈ [0, 2π) is chosen arbitrarily such that ωk 6= ωr for k 6= r and c is a constant

phase shift term. The operator T2 is a special case of T1, chosen so that (when c = 0)

TN2 = IN , and some standard orthogonality relations from discrete Fourier analysis can

be applied. This is also the translation used in [111].

The following result provides explicit frame bounds when translations can be

realized as Fourier multipliers.

Theorem 4.3.8. Let
{
φj
}N
j=1

be an orthonormal basis of CN and define the vectors

µj :=
(
φk(j)

)N
k=1
∈ CN , that is

(
φ1 . . . φN

)
=


µ1

...

µN

 .

Let
{
fj
}S
j=1

be an arbitrary collection of vectors in CN , and let g ∈ CN . Define

Ai = ΦDfiΦ
∗, for i = 1, . . . , S.

For 1 ≤ m ≤ S, 1 ≤ ` ≤ N , define gm,` as in (4.8). Let F be the N × S matrix whose

j-th columns is fj. Then we have

A ‖f‖2
2 ≤

S∑
m=1

N∑
`=1

|〈 f, gm,` 〉|2 ≤ B ‖f‖2
2,

where

A =
N

min
k=1
‖F ∗(µk ◦ ĝ)‖2 and B =

N
max
k=1
‖F ∗(µk ◦ ĝ)‖2.

The constants A and B are sharp.
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Proof. We compute the vector v in Theorem 4.3.3. We have

v =
N∑
i=1

|Aig|2 =
N∑
i=1

|ΦDfiΦ
∗g|2 =

N∑
i=1

|Φ(fi ◦ ĝ)|2.

Let F =
(
f1 . . . fS

)
be the matrix whose columns are f1, . . . , fS. Then

vk =
S∑
i=1

|〈µk, fi ◦ ĝ 〉|2 =
S∑
i=1

∣∣∣〈 fi, µk ◦ ĝ 〉∣∣∣2
=

S∑
i=1

〈 fi, µk ◦ ĝ 〉〈 fi, µk ◦ ĝ 〉

= (µk ◦ ĝ)∗FF ∗(µk ◦ ĝ)

= ‖F ∗(µk ◦ ĝ)‖2.

The result now follows from Theorem 4.3.3.

Corollary 4.3.9. Assume the functions
{
fj
}N
j=1

are orthonormal in Theorem 4.3.8.

Then the family of functions
{
gm,`

∣∣ m, ` = 1, . . . , N
}

forms a frame if and only if

for every 1 ≤ k ≤ N there exists 1 ≤ j ≤ N such that φj(k) and ĝ(j) are both non-zero.

In that case, the sharp bounds for the associated frame are given by

A =
N

min
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2 and B =
N

max
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2.

In particular, observe that the frame is tight when ĝ is constant.

Corollary 4.3.10. Assume the functions
{
fj
}N
j=1

are orthonormal in Theorem 4.3.8.

Moreover, assume ĝ is constant. Then the functions
{
gm,`

∣∣ m, ` = 1, . . . , N
}

form

a tight frame.

Proof. Assume ĝ ≡ c for some c ∈ C. Then

A = |c|2
N

min
k=1

N∑
j=1

|φj(k)|2 = |c|2

since the {φj }Nj=1 are orthonormal. Similarly, we obtain B = |c|2.
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Interestingly, the frame bounds in Corollary 4.3.9 are independent of the choice

of the vectors
{
fi
}N
i=1

, as long as they are orthonormal. Using a trivial estimate on the

above optimal frame bound and the orthonormality of the rows of Φ, we immediately

obtain the following estimates that are independent of the basis
{
φj
}N
j=1

.

Corollary 4.3.11. Under the assumptions of Theorem 4.3.8, we have

A =
N

min
k=1
‖F ∗(µk ◦ ĝ)‖2 ≥ λmin(FF ∗) ·

N

min
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2 ≥ λmin(FF ∗) ·
N

min
k=1
|ĝ(k)|2,

B =
N

max
k=1
‖F ∗(µk ◦ ĝ)‖2 ≤ λmax(FF ∗) · N

max
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2 ≤ λmax(FF ∗) · N
max
k=1
|ĝ(k)|2.

In particular, if FF ∗ is non-singular and
N

min
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2 > 0, then the collec-

tion of vectors G :=
{
gm,`

∣∣ 1 ≤ m ≤ S, 1 ≤ ` ≤ N
}

forms a frame whose condition

number satisfies:

κ(G) ≤ κ(FF ∗)

N
max
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2

N

min
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2
≤ κ(FF ∗)

N
max
k=1
|ĝ(k)|2

N

min
k=1
|ĝ(k)|2

,

where κ(FF ∗) := ‖FF ∗‖ ‖(FF ∗)−1‖ denotes the condition number of the matrix FF ∗.

We illustrate how Theorem 4.3.8 can be applied to yield the sharp frame bounds

for the frame constructed using popular translation operators.

Corollary 4.3.12. Let
{
φj
}N
j=1

be an arbitrary orthonormal basis of CN and let

g ∈ CN . For i = 1, . . . , N , define

Tig := g ∗ (
√
Nδi). (4.15)

For m, ` = 1, . . . , N , define gm,` as in (4.8). Then we have

A ‖f‖2
2 ≤

N∑
m=1

N∑
`=1

|〈 f, gm,` 〉|2 ≤ B ‖f‖2
2
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where

A = N ·
N

min
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2 and B = N · N
max
k=1

N∑
j=1

|φj(k)|2 · |ĝ(j)|2.

The constants A and B are sharp.

Proof. Recall that Tig = ΦD√Nδ̂iΦ
∗g. Now, for k = 1, . . . , N , we have

δ̂i(k) = 〈 δi, φk 〉 =
N∑
j=1

δi(j)φk(j) = φk(i).

It follows easily that δ̂1, . . . , δ̂N is an orthonormal basis of CN . The result now follows

immediately from Corollary 4.3.9.

Finally, we apply Theorem 4.3.8 to obtain the sharp bounds for translation

by repeatedly applying the energy preserving shift operator of Gavili and Zhang [53].

This is the operator T2 defined in the graph spectral domain in Example 3 above. Let

A = ΦΛΦ∗ denote the eigen decomposition of the adjacency matrix A of the graph Γ.

The authors in [53] define the shift operator Aα by

Aα = ΦDαΦ∗, (4.16)

where α ∈ CN is an arbitrary vector of distinct complex numbers of modulus 1. Of

particular interest is the case where αkα` = e−i
2π(k−`)

N , i.e.,

αk = ei(c−
2π(k−1)

N ) (4.17)

where c ∈ [0, 2π). Note that [53] only considers the case when c = 0 and observe that,

under this assumption, the shift operator Aα given by (4.16) satisfies ANα = I.

Corollary 4.3.13. Let
{
φj
}N
j=1

be an arbitrary, orthonormal basis of CN and let

g ∈ CN . For i = 1, . . . , N , define

Aig := Ai−1
α g i = 1, . . . , N, (4.18)
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with α ∈ CN as in (4.17). For m, ` = 1, . . . , N , define gm,` as in (4.8). Then we have

A ‖f‖2
2 ≤

N∑
m=1

N∑
`=1

|〈 f, gm,` 〉|2 ≤ B ‖f‖2
2

where

A = N ·
N

min
k=1

N∑
j=1

|φj(k)|2 |ĝ(j)|2 and B = N · N
max
k=1

N∑
j=1

|φj(k)|2 |ĝ(j)|2.

The constants A and B are sharp.

Proof. Let α =
(
αk
)N
k=1
∈ CN be given by

αk = ei(c−
2π(k−1)

N )

for some c ∈ [0, 2π). For 1 ≤ j ≤ N , let

fi := (αi−1
1 , αi−1

2 , . . . , αi−1
N )>.

Observe that Ai = ΦDfiΦ
∗. Now, for 1 ≤ k, ` ≤ N , we have

〈 fk, f` 〉 =
N∑
j=1

αk−1
j α`−1

j =
N∑
j=1

e−(k−1)i
2π(j−1)

N
+(`−1)i

2π(j−1)
N

=
N∑
j=1

e−i(`−k)
2π(j−1)

N =
N∑
j=1

θ
(k−`)(j−1)
N

where θN is the root of unity defined in Remark 4.2.1. Using the standard orthogonality

relations for the discrete Fourier transform, we conclude that

〈 fk, f` 〉 =

 N if k = `

0 otherwise.

The result now follows from Corollary 4.3.9 after rescaling the functions
{
fi
}N
i=1

.

4.4 Discrete Frames for Cayley Graphs

We now examine how Gabor-type frames behave for signals defined on Cayley

graphs. Given a finite (not necessarily abelian) group G and a subset S ⊂ G, the
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Cayley graph Cay(G;S) is the graph whose vertex set is given by the elements of G,

with adjacency defined as (x, y) ∈ E if and only if x−1y ∈ S. If S is symmetric

(i.e., S−1 = S) then the graph is undirected. A Cayley graph is called normal if S is

closed under conjugation (i.e., gSg−1 = S for all g ∈ G). Observe that Cayley graphs

are regular of degree |S|. As a result, the eigenvectors of both the adjacency and

Laplacian matrices of a Cayley graph are the same, so the following analysis applies to

either choice of analyzing matrix. For the remainder of this chapter, we assume that

Γ = Cay(G;S) is the Cayley graph of a finite group G of order N .

The adjacency matrix for a Cayley graph can be indexed by the group elements.

For this purpose, we assume that any group has been given an arbitrary, but fixed,

ordering. In this case, the vector eg refers to the standard basis vector which is 1 in the

g-th position, and 0 elsewhere. Under this assumption, we have the following lemma.

Lemma 4.4.1 (cf. [6, Corollary 3.2]). The adjacency matrix for Γ = Cay(G;S) is given

by

AΓ =
∑
s∈S

R(s)

where R is the right regular representation of the group as described in Example 2.1.2.

Proof. Noting that

〈R(s)ey, ex 〉 =
∑
g∈G

ex(g)R(s)ey(g) =
∑
g∈G

ex(g)ey(gs)

=
∑
g∈G

ex(g)eys−1(g) =

 1, if x−1y = s,

0, otherwise.

Then R(s) is the adjacency matrix of Cay(G; {s}). The general case follows easily with

the additional observation that
∑
g∈G

R(g) is the matrix of all ones.

Lemma 4.4.1 shows a clear link between the representation theory discussed

in Chapter 2 and Cayley graphs. In fact, one major advantage of working with nor-

mal Cayley graphs is that their (adjacency or Laplacian) eigenvectors can be writ-

ten explicitly via the representation theory of the associated group. As G is finite,
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we let Ĝ :=
{
π(i)
}D
i=1

be the collection of all irreducible representations of G. Re-

call that π
(k)
i,j (g) = 〈 π(k)ej, ei 〉, and we will slightly abuse notation to also denote

π
(k)
i,j :=

∑
g∈G

π
(k)
i,j (g)eg as a vector, where usage should be clear from context. Let χπ(g)

denote the trace of matrix π(g), which is the character of the representation π.

Then for each 1 ≤ k ≤ D and 1 ≤ i, j ≤ dπ, the vector π
(k)
i,j is an eigenvector

for all normal Cayley graphs of the group G. The associated eigenvalues can be writ-

ten explicitly in closed form, for which we will use the following lemma about class

functions. We say f : G→ C is a class function if f(xgx−1) = f(g) for all x, g ∈ G.

Lemma 4.4.2 ([99, Chapter 2, Proposition 6]). Let G be a finite group. Let f : G→ C

be a class function and ρ : G → U(Hρ) be an irreducible representation of G. Define

the linear map

ρ̃(f) =
∑
g∈G

f(g)ρ(g).

Then we have the formula

ρ̃(f) =
1

dρ
〈 f, χρ 〉I,

where I denotes the identity on Hρ.

Proof. First note that for all g ∈ G we have

ρ(g)ρ̃(f)ρ(g)−1 = ρ(g)

[∑
h∈G

ρ(h)

]
ρ(g)−1 =

∑
h∈G

f(h)ρ(ghg−1) =
∑
h∈G

f(g−1hg)ρ(h) = ρ̃(f),

thus ρ̃ ∈ I(ρ). Then we can write

ρ̃(f) =
1

|G|
∑
g∈G

ρ(g)ρ̃(f)ρ(g)−1 = cρI

for some constant cρ, where the first equality is from taking |G| copies of ρ̃, and the

second follows by Schur’s lemma (Theorem 2.1.1). By taking the trace of each side, we

see that Tr(cρI) = dρcρ, and

Tr(ρ̃(f)) =
∑
g∈G

f(g) Tr(ρ(g)) =
∑
g∈G

f(g)χρ(g) = 〈 f, χρ 〉.

Solving for cρ yields the result.
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Theorem 4.4.3 ([15, Proposition 6.3.1]). Let Γ = Cay(G;S) be the Cayley graph of a

finite group G and assume S is closed under conjugation. Then for each π ∈ Ĝ and

any 1 ≤ i, j ≤ dπ, we have

AΓ πi,j =
1

dπ

(∑
s∈S

χπ(s)

)
πi,j.

Proof. Let 1S denote the indicator function of S. By Lemma 4.4.1, we have that

AΓ =
∑
s∈S

R(s) =
∑
g∈G

1S(g)R(g).

Recall that by the Peter-Weyl theorem (Theorem 2.1.6), the right regular represen-

tation R is unitarily equivalent to
⊕

π∈Ĝ dππ, i.e., there exists a unitary matrix U so

that

R(g) = U∗
(⊕
π∈Ĝ

dππ(g)
)
U, ∀g ∈ G.

Define the subspace Eπ,i := span
{
πi,j

∣∣ 1 ≤ j ≤ dπ
}

. Applying Theorem 2.1.6 again,

we have Eπ,i is an invariant subspace of R such that, for U restricted to this subspace,

U∗π(g)U = REπ,i(g) for all g ∈ G, where REπ,i denotes the restriction of the operator

R to Eπ,i. Hence,

Aπi,j =
∑
g∈G

1S(g)REπ,i(g)πi,j =
∑
g∈G

1S(g)U∗π(g)Uπi,j

=
∑
g∈G

1S(g)U∗π(g)ej =
dπ∑
k=1

∑
g∈G

1S(g)πk,j(g)πi,k

=
dπ∑
k=1

1

dπ
〈1S, χπ 〉δk,jπi,k =

[
1

dπ

∑
g∈S

χπ(g)

]
πi,j,

Where the final line follows from Lemma 4.4.2 and the fact that 1S is a class function

when S is the union of conjugacy classes.
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For a finite group G, the Schur orthogonality relations (Theorem 2.1.5) can be

stated as: ∑
g∈G

π
(j)
n,m(g) π

(k)
n′,m′(g) = δj,kδn,n′δm,m′

N

dπ(j)

. (4.19)

As a consequence, the following scaled coefficient functions

φ
(k)
i,j :=

√
dπ
N
π

(k)
i,j (4.20)

are an orthonormal basis of eigenvectors for normal Cayley graphs. In particular,

note that we do not assume the graph is undirected in this section, as normal Cayley

graphs are not necessarily generated from inverse closed sets. However, Theorem 4.4.3

shows that these graphs are always diagonalized by the basis of coefficient functions of

irreducible unitary representations of the underlying group.

4.4.1 Frame Bounds for Normal Cayley Graphs

We now revisit the frame construction given in Theorem 4.3.3, in the case where

Γ is a normal Cayley graph. Recall the important special case where the translation

operators are diagonal in the orthonormal basis
{
φj
}N
j=1

. In particular, Corollary

4.3.10 shows that a tight frame is always obtained when the multipliers
{
fj
}N
j=1

are

orthonormal and ĝ is constant, i.e., g = c
∑N

n=1 φn for some c ∈ C. We now show

how the last assumption can be considerably relaxed when working on normal Cayley

graphs, by exploiting the supplementary structure of the group representations, to

obtain a broader class of functions ĝ which guarantee tight frames.

Theorem 4.4.4. Let Γ = Cay(G;S) be the Cayley graph of a finite group G of order

N with S closed under conjugation. Assume ĝ is constant over every representation of

G, i.e., for every π ∈ Ĝ,

ĝ(πi,j) = ĝπ
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for some constant ĝπ ∈ C that is independent of i and j. Let
{
fj
}N
j=1

be an orthonormal

basis of CN and define

Ai = ΦDfiΦ
∗, (i = 1, . . . , N).

Then the family of functions
{
gm,`

∣∣ m, ` = 1, . . . , N
}

defined in (4.8) forms a tight

frame with optimal frame bounds A = B =
1

N

∑
π∈Ĝ

|ĝπ|2d2
π.

Proof. We compute the frame bounds given in Corollary 4.3.9. We have

N∑
t=1

|φt(k)|2 · |ĝ(t)|2 =
∑
π∈Ĝ

dπ∑
i,j=1

dπ
N
|πi,j(k)|2|ĝ(πi,j)|2

=
1

N

∑
π∈Ĝ

dπ|ĝπ|2
dπ∑
i,j=1

|πi,j(k)|2

=
1

N

∑
π∈Ĝ

dπ|ĝπ|2
dπ∑
i,j=1

πi,j(k)πj,i(k
−1)

=
1

N

∑
π∈Ĝ

dπ|ĝπ|2
dπ∑
n=1

[π(k)π(k−1)]i,i

=
1

N

∑
π∈Ĝ

dπ|ĝπ|2χπ(e)

=
1

N

∑
π∈Ĝ

|ĝπ|2d2
π.

Since the result is independent of k, the optimal frame bounds given by Corollary 4.3.9

are equal and the frame is tight.

Recall that all the eigenvectors associated to a given representation π ∈ Ĝ are

associated to the same eigenvalue
1

dπ

∑
g∈S

χπ(g) (see Theorem 4.4.3). However, more

than one representation may be associated with the same eigenvalue. Therefore, our

assumption in Theorem 4.4.4 is a more relaxed condition than in [103], where ĝ is

chosen to be constant on each eigenspace for ‘good’ examples of localization functions.

61



Applying Theorem 4.4.4 to the translation operators given by (4.15) and (4.18),

we immediately obtain the following families of tight frames for Cayley graphs.

Corollary 4.4.5. Let Γ = Cay(G;S) be the Cayley of a finite group G of order N

with S closed under conjugation. Assume ĝ is constant over every representation of G.

That is, for every π ∈ Ĝ,

ĝ(πi,j) = ĝπ

for some constant ĝπ ∈ C that is independent of i and j. Let
{
Ai
}N
i=1

be either

1. The translation operators Tig = g ∗ (
√
Nδi) as in Corollary 4.3.12, or

2. The repeated shifts Aig = Ai−1
α g as in Corollary 4.3.13.

Then the family of functions
{
gm,` m, ` = 1, . . . , N

}
defined in (4.8) forms a tight

frame with optimal frame bounds A = B =
∑
π∈Ĝ

|ĝπ|2d2
π.

4.4.2 Natural Translations on Cayley Graphs

Notice that every Cayley graph comes equipped with its own natural notion of

translation, induced by multiplication by a group element. As a consequence, given

g ∈ G, we can translate a signal f : G→ C by:

f(h) 7→ f(g · h), for h ∈ G.

Equivalently, the above translation is given by the action of the left (or the right)

regular representation:

L(g)f(h) = f(g−1h), for h ∈ G.

Our next result shows that the translation operators Ti given by (4.4) are essentially

equivalent to the action of the left regular representation for normal Cayley graphs.
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Theorem 4.4.6. Let Γ = Cay(G;S) be the Cayley of a finite group G of order N

with S closed under conjugation and equipped with the eigenbasis φ
(k)
i,j given by (4.20).

Assume ĝ is constant over every representation of G, i.e., for every π ∈ Ĝ,

ĝ(πi,j) = ĝπ ∈ C.

Then the graph translation operator T` given in (4.4) is given by

(T`g)(k) =
1√
N

∑
π∈Ĝ

dπĝ(π)χπ(`−1k).

Proof. We have

(T`g)(vk) =
√
N
∑
π∈Ĝ

dπ∑
j,i=1

dπ
N

ĝ(πi,j)πi,j(`)πi,j(k)

=
1√
N

∑
π∈Ĝ

dπĝ(π)
dπ∑
j,i=1

πi,j(`)πi,j(k)

=
1√
N

∑
π∈Ĝ

dπĝ(π)
dπ∑
j,i=1

πj,i(`
−1)πi,j(k)

=
1√
N

∑
π∈Ĝ

dπĝ(π)
dπ∑
j=1

[π(`−1)π(k)]j,j

=
1√
N

∑
π∈Ĝ

dπĝ(π)
dπ∑
j=1

[π(`−1k)]j,j

=
1√
N

∑
π∈Ĝ

dπĝ(π)χπ(`−1k).

Corollary 4.4.7. Under the conditions of Theorem 4.4.6, the translation operator

T` for normal Cayley graphs is invariant when shifted in both indices, that is, for all

m ∈ G

(T`g)(k) = (T`mg)(km) = (Tm`g)(mk).
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In particular, choosing m = `−1, we see that

(T`g)(k) = (Teg)(`−1k) = L(`)[Teg](k),

where e is the group identity element and L is the left regular representation of G.

Proof. For the first equality,

(T`mg)(vkm) =
1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ
(
[`m]−1km

)
=

1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ(m−1`−1km)

=
1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ(`−1k)

= (T`g)(vk),

where the last equality follows as characters are class functions. For the second equality,

(Tm`g)(vmk) =
1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ
(
[m`]−1mk

)
=

1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ(`−1m−1mk)

=
1√
N

∑
π∈Ĝ

dπĝ(φπ)χπ(`−1k)

= (T`g)(vk).

Notice that Corollary 4.4.7 directly shows that, when translation is given by the

operators T`, the sharp frame bounds for the associated frame are A = B = ‖Teg‖2
2.

Proposition 4.4.8. Under the assumptions of Theorem 4.4.6

‖Teg‖2
2 =

∑
π∈Ĝ

|ĝπ|2d2
π,

recovering the expression for the frame bounds given in Corollary 4.4.5.
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Proof.

‖Teg‖2
2 =

∑
h∈G

|Teg(h)|2 =
∑
h∈G

∣∣∣∣∣∣ 1√
N

∑
π∈Ĝ

dπĝ(π)χπ(h)

∣∣∣∣∣∣
2

=
1

N

∑
h∈G

∑
π∈Ĝ

dπĝ(π)χπ(h)
∑
ρ∈Ĝ

dρĝ(ρ)χρ(h)

=
1

N

∑
π∈Ĝ

∑
ρ∈Ĝ

dπĝ(π)dρĝ(ρ)
∑
h∈G

χπ(h)χρ(h)

=
1

N

∑
π∈Ĝ

∑
ρ∈Ĝ

dπĝ(π)dρĝ(ρ)(Nδπ,ρ)

=
∑
π∈Ĝ

d2
π|ĝ(π)|2

=
∑
π∈Ĝ

|ĝπ|2d2
π,

where we have used Theorem 4.4.6 in the first line and Schur’s orthogonality relations

(4.19) applied to group characters.

Additionally, Theorem 4.4.6 and Corollary 4.4.7 show that for g defined spec-

trally, as in [102, 103], to be constant on eigenspaces, the behavior of the translation

operator reduces to T`g(k) = L(`)Teg(k). Then Te can be viewed as some pre-processing

of the localization function g, which is then translated by the normal definition of group

translation. In particular, this shows that with this choice of basis, by Corollary 4.4.5,

one can always obtain tight frames for Cayley graphs using translations which respect

the graph structure.

A ‘natural’ choice of translations for graphs would be operators which permute

the vertex set while perfectly respecting the structure of the graph. That is, each

translation T should satisfy (Tx, Ty) ∈ E if and only if (x, y) ∈ E. In other words,

translation preserves the adjacency structure of Γ. This is precisely the definition
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of a graph automorphism, and for Cayley graphs, the collection
{
L(g)

}
g∈G is in fact

contained in the collection of all graph automorphisms.

Theorem 4.4.9. Let Γ = Cay(G;S) for a finite group G and any generating set S.

Then the automorphism group of Γ contains the family
{
L(g)

}
g∈G as a subgroup.

Proof. It is sufficient to show that (x, y) is an edge in Γ if and only if (g−1x, g−1y) is

an edge in Γ for every element g ∈ G. However, this is clear as (x, y) is an edge if and

only if S 3 x−1y = x−1gg−1y = (g−1x)−1(g−1y), therefore (g−1x, g−1y) is also an edge.

Thus L(g) is an automorphism of Γ. As L(·) is a group homomorphism, it is obvious

that its image is a subgroup.

In Theorem 4.4.9, we do not restrict to normal Cayley graphs. In the special

case of Cayley graphs with the generating set closed under conjugation, the collection{
R(g)

}
g∈G is also a subgroup of the automorphism group of the graph. The proof is

similar, showing (x, y) is an edge if and only if (xg, yg) is an edge, which follows as

above and from the additional fact that S is closed under conjugation.

4.4.3 Basis of Eigenvectors

Recall that the eigenvectors of a given graph are not uniquely determined when

the graph has repeated eigenvalues, as one must pick a basis for each eigenspace.

We now demonstrate how this choice can dramatically impact the properties of the

resulting frames.

Example 4.4.10. Consider the graph K3,3, the complete bipartite graph on 6 vertices

with equal partitions. This graph can be realized as the Cayley graph of Z6 or S3

(Figures 4.1 and 4.2). Depending on the group realization, the eigenvectors chosen from

the group representations are considerably different. While it might seem desirable to

choose the group to be Z6, unless we are considering a time series discretization of
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signals on the real line, the underlying reality of our graph is unlikely to be well-

modeled by an abelian group, so it seems unlikely to capture the desired behavior of

our irregular domain.

One consequence of these different eigenbases is that for non-isometric trans-

lation operators such as the one given in (4.4), the frame bounds can vary based on

the choice of the eigenbasis for a fixed graph and fixed window function. Recall that

translation in this case can be written as

Tjf :=
√
NΦ(Φ∗f ◦ Φ∗δj),

where this form makes explicit the dependence on the chosen eigenbasis Φ.

Then the matrix of characters described for Z6 (Figure 4.1) diagonalizes the

graph adjacency matrix (or Laplacian). As all the entries lie in the 1√
N

-radius circle,
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translation is an isometry leading to a tight frame for any window function. However,

another basis can be chosen as this is the graph Cay
(
S3;
{

(12), (13), (23)
})

(Figure

4.2). Then the coefficient functions of the unitary, irreducible representations of S3

also diagonalize the associated matrices, and in this case the translation operator is

not an isometry.

In the basis for Z6, any non-zero function g will provide a tight frame, meaning

the ratio between frame bounds B
A

= 1. However, taking g := 1
7
(6, 3, 2, 0, 0, 0)>, in the

basis provided in Figure 4.2, the ratio is 69
29
≈ 2.4. We remark that any g such that

ĝ is not constant on representations should yield similar examples where the frame is

tight in the first basis and not in the second. This provides a stark reminder that one

should be careful when choosing an eigenbasis for a given graph.
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Chapter 5

PART II: FRAMES FOR L2
(
Rn2
)

5.1 Introduction

Our contribution in this chapter is threefold. First, we generalize a ‘tiling

system’ for L2(M2(R)) originally constructed in [58] to L2(Mn(R)), for any n ∈ N.

Combining this careful geometric investigation with the theory of square-integrable

representations (following the work of [11]) leads to a discretization of the continuous

wavelet transform for L2(Mn(R)) for any dimension n. Through a natural identification

between Mn(R) with Rn2
, these are also frames for L2(Rn2

).

Second, we compute frame bounds based on the tiling system. Due to our

carefully chosen definitions, which differ slightly from [58], we obtain a significant

improvement in the frame condition number for the n = 2 case. We also find general

frame bounds as a function of the dimension n. Additionally, we provide an explicit

description of the frame in the case n = 2.

Third, we find upper bounds on the measure of certain intersections which arise

in our tiling system. We use this measure bound to find improved frame bounds for

certain classes of signals, leading to frames which are not tight, but for which the frame

condition number can be made arbitrarily close to 1. We conclude the section with a

discussion of possible extensions to other function spaces.

Previous Discretizations of the CWT. Generalized versions of continuous wavelet

transforms and frames have been investigated extensively in the past few decades. In

the present chapter, we restrict ourselves to constructions on Hilbert spaces, but in-

formation on continuous frames in certain Banach spaces can be found in [43]. For
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examples of wavelet transforms based on the theory of square-integrable representa-

tions see [4, 27, 30, 65, 85, 89], and for the general theory governing their construction

and behavior see [26, 40, 45, 46, 47, 49].

We also compare our work in this chapter with that of Heinlein and his col-

laborators in [69, 70]. The two approaches rely on the same representation theo-

retic viewpoint. Indeed, we both discretize continuous wavelet frames obtained from

a square-integrable representation of the affine group; however, we note three key dif-

ferences. First, their strategy is to use integrated wavelets, which are averages of a

wavelet in the Fourier domain over any countable partition of the space (in our case

Rn2
) into compact sets. With this method, they obtain tight frames, but this comes

at the cost that the analysis and reconstruction filters for n resolution scales require

(n + 1) Fourier transforms. Consequently, the computational cost of this method on

higher-dimensional data would be extremely high, whereas our method only requires

one Fourier inversion of the analyzing wavelet. Second, we obtain and work with a

much more structured decomposition than their general partition (which they call de-

tail decomposition). Our approach starts with a “tile” which covers the space under

the action of a discrete, countable set. The structure of our tiling system reduces

the amount of information needed for implementation, as one only needs to know the

“mother tile” and the form of the discrete set acting on it. Thus, the challenge here

is to obtain such suitable tiling systems, which we overcome by carefully investigating

the geometry of the space. Third, integrated wavelets require a two-step discretization.

That is, they must discretize translations and dilations separately, and it is the inter-

mediate discretization on dilations alone which provides a tight frame. Our method

performs the discretization simultaneously, allowing for a one-step process.

Organization. The remainder of this chapter is organized as follows. In Section

5.2 we collate all necessary definitions, notations, and background. In Section 5.3, we

provide the general theory for constructing discrete frames from the continuous wavelet

transform by means of tiling systems. In Section 5.4, we provide a general construction
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for tiling of GLn(R) for any n ∈ N. In Section 5.5, we compute the frame bounds for

the tiling system and derive an upper bound on the frame condition number as a

function of the dimension n. In Section 5.6, we provide explicit details of the concrete

construction for the case when n = 2. In Section 5.7, we find a description for signals

for which an improved frame bound holds based on the measure of certain intersecting

sets arising in the tiling construction. We conclude this chapter by discussing possible

extensions of the frame construction to other function spaces.

Portions of this chapter represents joint work with Mahya Ghandehari and

Samuel Cogar. The results from Sections 5.3-5.5 can be found in [57] and represents

equal work of both authors. The results found in Section 5.7 are mostly my own, and

will be found in [72]. Finally, the results for Sobolev spaces in Section 5.8 is joint with

Cogar, which we are actively working on improving in [24].

5.2 Notations and Definitions

Here we consider the affine group introduced in Example 2.1.7. Recall this is

the group Gn = Mn(R) oα GLn(R) with group operation

[x1, h1][x2, h2] = [x1 + α(h1)(x2), h1h2] = [x1 + h1x2, h1h2],

where the action of h1 ∈ GLn(R) on x2 ∈ Mn(R) is defined to be matrix multiplication:

α(h1)x2 = h1x2. This group can also be seen as affine transformations on Mn(R) by

[x, h]y = hy + x, for y ∈ Mn(R).

Haar integration on Gn is given by∫
Gn

f
(
[x, h]

)
d[x, h] =

∫
GLn(R)

∫
Mn(R)

f
(
[x, h]

) dx dh

| det(h)|2n
,

where dx and dh are Lebesgue measure on Rn2
and f : Gn → C is compactly supported.
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Transferring to Fourier Domain. The existence of a continuous wavelet transform

depends crucially on the geometric features of the underlying group, and in particular

the geometry of the action of GLn(R) on the Pontryagin dual of Mn(R), i.e., the dual

group of characters M̂n(R). We now briefly recall and extend the material from Chapter

2 to this setting. To make notation more clear, Mn(R) is denoted by A, when it is

identified with Rn2
as an abelian group (see Remark 5.3.3). Let Â denote the dual of

Mn(R) under this identification. For the purpose of Fourier analysis on Rn2
, identified

with A, recall that we pair A with Â in the following way: for b =
(
bi,j
)n
i,j=1
∈ A, define

χb ∈ Â by

χb(x) = e2πiTr(bx), for x ∈ A. (5.1)

We have, Â =
{
χb b ∈ A

}
. Thus, Â can also be identified with Rn2

, and Haar

integration on Â is simply the Lebesgue integral, i.e.,∫
Â

g(χ) dχ =

∫
Rn2

g(χb) db =

∫
R
· · ·
∫
R
g(χ(b1,1,...,bn,n)) db1,1 · · · dbn,n. (5.2)

For f ∈ L1(A), the Fourier transform f̂ : Â→ C is given by f̂(χ) =
∫
A
f(x)χ(x) dx, for

all χ ∈ Â. By Theorem 2.2.2, if f ∈ L1(A) ∩ L2(A), then f̂ ∈ L2(Â) and ‖f̂‖2 = ‖f‖2.

So, the Fourier transform extends to a unitary map P : L2(A)→ L2(Â), the Plancherel

transform, such that Pf = f̂ , for all f ∈ L1(A) ∩ L2(A).

The group GLn(R) acts on A by matrix multiplication. This action determines

an action of GLn(R) on the dual space.

Proposition 5.2.1. For b ∈ A and h ∈ GLn(R),

h · χb = χbh−1 (5.3)

defines a left group action of GLn(R) on Â. Moreover, this action scales Lebesgue

measure, so that, for any integrable function ξ on Â,∫
Â

ξ(χ) dχ = | det(h)|−n
∫
Â

ξ(h · χ) dχ. (5.4)
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Proof. Let h, k ∈ GLn(R) and b ∈ Mn(R). Clearly, In · χb = χb, so to see that (5.3) is

an action we calculate

k · (h · χb) = k · χbh−1 = χbh−1k−1 = χb(kh)−1 = (kh) · χb.

To see that this action scales Lebesgue measure, by (5.2) and (2.1) we have

∫
Â

ξ(h · χ) dχ =

∫
Mn(R)

ξ(h · χb) db =

∫
Mn(R)

ξ(χbh−1) db

=
1

∆Mn(R)(h−1)

∫
Mn(R)

ξ(χb) db

= ∆Mn(R)(h)

∫
Â

ξ(χ) dχ

It follows easily from the calculation in Proposition 2.1.11 that ∆Mn(R)(h) = | deth|n,

completing the proof.

A Square-Integrable Irreducible Representation. We now give two equivalent

forms of the quasi-regular representation of Gn, which is the irreducible representation

that has been used in [58] to construct continuous wavelet transforms.

Let H be a Hilbert space. An irreducible representation π : G → U(H) of a

locally compact group G is called square-integrable if there exist nonzero η, ξ ∈ H such

that πη,ξ ∈ L2(G). Such a vector η is called admissible.

Proposition 5.2.2. Let π : G → U(H) be an irreducible square-integrable represen-

tation for a locally compact group G. Then the set of admissible vectors is dense in

H.

Proof. Let π and G be as above. Then there exists two non-zero vectors η0, ξ0 ∈ H

such that πη0,ξ0 ∈ L2(G). Define the linear subspace

D =
{
η ∈ H πη,ξ0 ∈ L2(G)

}
.
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Clearly D is non-empty, and for x ∈ G, α, β ∈ C and η, γ ∈ D we have

παη+βγ,ξ0(x) = 〈 π(x)ξ0, αη + βγ 〉 = απη,ξ0(x) + βπγ,ξ0(x),

It follows that αη + βγ ∈ D.

To see this subspace is dense, note that D is π-invariant as for any x, y ∈ G,

ππ(y)η,ξ0(x) = 〈 π(x)ξ0, π(y)η 〉 = 〈 π(y−1x)ξ0, η 〉 = πη,ξ0(y
−1x).

As the Haar measure on G is left-shift invariant, it follows that π(y)η ∈ D. As π is

irreducible, we have {
η ∈ H πη,ξ0 ∈ L2(G)

}
= H.

In the present chapter, we will use the following two equivalent, irreducible, square-

integrable representations of the affine group to construct a continuous wavelet trans-

form. Notice that (5.5) is exactly the induced representation we obtained in Section

2.1.3.3.

Proposition 5.2.3. Let H1 = L2(A) and H2 = L2(Â). Then,

(i) ρ is a unitary representation, where

ρ : Gn → U(H1),
(
ρ[x, h]g

)
(y) = | det(h)|−n/2g

(
h−1(y − x)

)
, (5.5)

for all [x, h] ∈ Gn and y ∈ A.

(ii) π is a unitary representation, where

π : Gn → U(H2),
(
π[x, h]ξ

)
(χ) = | det(h)|n/2 χ(x) ξ(h−1 · χ),

for all [x, h] ∈ Gn and χ ∈ Â.

(iii) The representations ρ and π are equivalent square-integrable irreducible represen-

tations of Gn. Namely, we have π[x, h]P = Pρ[x, h] for all [x, h] ∈ Gn, where P

is the Plancherel transform.

74



Proof. Parts (i) and (ii) are proven in [58, Proposition 4.2], so we omit the proof. For

part (iii), let f ∈ Cc(Mn(R)). We now use the results of Proposition 2.2.6, noting that

ρ[x, h]f = (TxDhf), to compute

[Pρ[x, h]f ](χ) = ̂(TxDhf)(χ)

= χ(x)(̂Dhf)(χ)

= χ(x)| deth|n/2f̂(h−1 · χ)

=
[
π
(
[x, h]

)
Pf
]
(χ).

As Cc
(
Mn(R)

)
is dense in L2(G), the unitary operator P intertwines π and ρ, thus the

two representations are equivalent.

Continuous Wavelet Transforms. We now use the square-integrable representa-

tions defined in the previous section to construct a continuous wavelet transform. Let

ρ be the square-integrable representation defined in (5.5).

Definition 5.2.4. A function ψ ∈ L2(A) is called a wavelet if∫
GLn(R)

∣∣∣ ψ̂(χh)
∣∣∣2 dh

| deth|n
= 1. (5.6)

A continuous wavelet transform (CWT) associated with a function ψ ∈ L2(A) is the

linear transformation defined as

Vψ : L2(Mn(R))→ L2(Gn), Vψf [x, h] = 〈 f, ρ[x, h]ψ 〉, (5.7)

for f ∈ L2(A), [x, h] ∈ Gn.

Proposition 5.2.5 (cf. [45, Theorem 2.25]). Let Vψ be the CWT in (5.7). Then Vψ

is an isometry if and only if ψ is a wavelet.
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Proof. Let ψ be a function, then for g ∈ L2(A) we have, by Plancherel’s theorem

(Theorem 2.2.2),

‖vψg‖2
L2(Gn) =

∫
Gn

|〈 g, ρ[x, h]ψ 〉L2(A)|2d[x, h]

=

∫
Gn

|〈 ĝ, π[x, h]ψ̂ 〉L2(Â)|
2d[x, h].

Calculating the inner product shows that

‖vψg‖2
L2(Gn) =

∫
GLn(R)

∫
Mn(R)

∣∣∣∣∣∣∣
∫
Mn(R)

ĝ(χb)| deth|n/2χb(x)ψ̂(χbh−1)db

∣∣∣∣∣∣∣
2

dx dh

| deth|2n

=

∫
GLn(R)

∫
Mn(R)

∣∣φ̂h(−x)
∣∣2 dx dh

| deth|n
,

where we have defined the new function φh(b) = ĝ(χb)ψ̂(χbh). We are now in a position

to apply Plancherel’s theorem again to see that

∫
GLn(R)

∫
Mn(R)

∣∣∣ φ̂h(−x)
∣∣∣2 dx dh

| deth|n
=

∫
GLn(R)

∫
Mn(R)

∣∣ĝ(χb)ψ̂(χbh)
∣∣2 db dh

| deth|n

=

∫
Mn(R)

|ĝ(χb)|2

∫
GLn(R)

∣∣ψ̂(χbh)
∣∣2 dh

| deth|n

 db
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Using Proposition 2.1.11, we see

∫
Mn(R)

|ĝ(χb)|2

∫
GLn(R)

∣∣ψ̂(χbh)
∣∣2 dh

| deth|n

 db =

∫
Mn(R)

|ĝ(χb)|2

∫
GLn(R)

∣∣ψ̂(χh)
∣∣2 dh

| deth|n

 db

=

∫
Mn(R)

|ĝ(χb)|2 db ·

∫
GLn(R)

∣∣ψ̂(χh)
∣∣2 dh

| deth|n



= ‖g‖2 ·

∫
GLn(R)

∣∣ψ̂(χh)
∣∣2 dh

| deth|n

 .

Therefore Vψ is an isometry if and only if ψ satisfies (5.6).

In particular, Proposition 5.2.5 implies that for any f, g ∈ L2(A)

〈 f, g 〉L2(A) = 〈Vψf, Vψg 〉L2(Gn)

=

∫
Gn

〈 f, ψ x,h 〉L2(A)〈ψ x,h, g 〉L2(A) d[x, h]

=

〈∫
Gn

〈 f, ψ x,h 〉L2(A)ψ
x,h d[x, h], g

〉
L2(A)

,

where we denote ρ[x, h]ψ by ψ x,h. This formula can be written in the following weak

integral form:

f =

∫
Gn

〈 f, ρ[x, h]ψ 〉 ρ[x, h]ψ d[x, h], (5.8)

for any f ∈ L2(A).

For a comprehensive discussion of continuous wavelet transforms, and their con-

nection with square-integrable representations, see [45].

5.3 Constructing Frames using CWTs

In this section, we present a summary of the results from [11], explaining how

CWTs may be used to construct discrete frames. The objective here is to construct
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frames of the form
{
ρ[x, h]ψ

}
[x,h]∈P , where P is a discrete subset of Gn, and ρ and ψ

are as in Definition 5.2.4. The frame constructions in [11] heavily rely on the concept

of a ‘tiling system’ which we define here.

In [58], Ghandehari, Syzdykova, and Taylor use the approach of Bernier and

Taylor ([11]) to construct a discrete frame for L2(M2(R)). More precisely, they obtain

a suitable tiling system for GL2(R), which they use to discretize the continuous wavelet

transform on R4. In this section, we extend their frame construction to obtain discrete

frames for L2(Mn(R)), for any n ≥ 2. In addition, we obtain a much tighter gap

between the frame bounds.

In what follows, we restrict ourselves to the groups which are being studied in

this chapter: Mn(R),GLn(R), and the affine group Gn; however, our methods can be

carried out in more general settings.

Definition 5.3.1. Let P be a countable subset of GLn(R), and F be an open relatively

compact subset of GLn(R). The pair (F, P ) is called a tiling system for GLn(R) if the

following two conditions are satisfied:

(i) λGLn

(
F · p

⋂
F · q

)
= 0 for every distinct pair p, q ∈ P ,

(ii) λGLn

(
GLn(R) \

⋃
p∈P F · p

)
= 0,

where λGLn denotes the left Haar measure of GLn(R), and F denotes the closure of F

in GLn(R). Note that conditions (i) and (ii) remain unchanged if one replaces λGLn

with λMn , the left Haar measure on Mn(R) and Rn2
.

Remark 5.3.2. In the above definition, we think of a subset S of A = Mn(R) as

a subset S̃ of Â in the following natural manner: S̃ =
{
χb b ∈ S

}
. With this

identification in mind, we have F̃ · p = p−1 · F̃ where the left group action on Â is given

by (5.3).
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Remark 5.3.3. Recall that we identify elements of Mn(R) with vectors in Rn2
via the

map Φ given by
x1,1 . . . x1,n

...
. . .

...

xn,1 . . . xn,n

 Φ7−→
(
x1,1 . . . x1,n . . . xn,1 . . . xn,n

)>
. (5.9)

The n× n matrix structure is only used when multiplication is involved. This identi-

fication allows us to transfer the notion of tiling to Rn2
. Let (F, P ) be a tiling system

for GLn(R). For each p ∈ P , let L2
(
Φ(F · p)

)
denote the closed subspace of L2(Rn2

)

consisting of functions that are zero almost everywhere on Rn2 \Φ(F · p). Noting that

GLn(R) is a co-null subset of Mn(R) (and thus Rn2
), we have that

L2
(
Rn2
)

=
⊕
p∈P

L2
(
Φ(F · p)

)
.

With this in mind, we can think of (F, P ) as a tiling system for Mn(R), or equivalently

for Rn2
, as well.

We now give a brief review of the method introduced in [11] for constructing a

frame from a tiling system. We first introduce some notations, which will be useful for

the next theorem.

Notation 5.3.4. Let (F, P ) be a tiling system, and let

R =

{
[xi,j] ∈ Mn(R)

∣∣∣∣ ai,j ≤ xi,j ≤ bi,j for i, j = 1, . . . , n

}

be a hypercube in Mn(R) whose interior contains F . Let |R| =
n∏

i,j=1

(bi,j − ai,j) be the

volume of R, and

J =

{ [
mi,j

bj,i − aj,i

]
i,j

∈ Mn(R)

∣∣∣∣ mi,j ∈ Z
}
.

Every γ ∈ J defines a character on the hypercube R ⊆ Mn(R) as follows:

eγ(y) =
1√
|R|

1R(y) e2πi Tr(γy), for y ∈ R,
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where 1R is the characteristic function of R. Then
{
eγ γ ∈ J

}
is an orthonormal

basis for L2(R).

We now prove a slightly different version of Theorem 3 of [11]. Even though the

proofs are similar, we manage to obtain a much tighter frame condition number due to

our new definition for the constant M . In Section 5.4, we will show that the conditions

in our theorem can be met for Gn = Mn(R) o GLn(R) for any n ∈ N.

Notation 5.3.5. Let (F, P ) be a tiling system for GLn(R), and R be a hypercube

containing F . Let Fo be an open set satisfying F ⊆ Fo ⊆ R. For p ∈ P , define

IFo(p) :=
{
k ∈ P

∣∣∣ F · p ∩ Fo · k 6= ∅
}

. Let

M := sup
p∈P
|IFo(p)|.

Observe that M is finite according to Lemma 4 of [11].

Theorem 5.3.6. Let (F, P ) be a tiling system for GLn(R), with R, Fo, and M be as

in Notation 5.3.5. Let g ∈ L2(Mn(R)) be such that 1F ≤ ĝ ≤ 1Fo. Then the collection

of vectors
{
ρ[λ, p]−1g

∣∣ (λ, p) ∈ J × P
}

is a discrete frame in L2(Mn(R)), where J is

defined in Notation 5.3.4. Moreover, lower and upper frame bounds are given by

|R| ‖f‖2
2 ≤

∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(Mn(R))

∣∣2 ≤ M |R| ‖f‖2
2.

Proof. For an arbitrary f ∈ L2(Mn(R)), we have by Proposition 5.2.3 that

∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(A)

∣∣2 =
∑
k∈P

∑
γ∈J

∣∣∣〈 π[γ, k]f̂ , ĝ 〉L2(Â)

∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
A

(π[γ, k]f̂)(χb)ĝ(χb) db

∣∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
A

| det k|n/2χb(γ)f̂(χbk)ĝ(χb) db

∣∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
R

| det k|n/2χb(γ)f̂(χbk)ĝ(χb) db

∣∣∣∣2 ,
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where the last equality follows as ĝ = 0 outside R. We proceed by defining the new

function hk(b) = | det k|n/2 f̂(χbk) ĝ(χb). Then note
{
eγ(b) = χb(γ)1R(b) 1√

|R|
γ ∈ J

}
forms an orthonormal basis for R. Then we are in a position to apply Parseval’s identity

on L2(R) to see that∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(A)

∣∣2 = |R|
∑
k∈P

∑
γ∈J

∣∣〈hk, eγ 〉L2(R)

∣∣2
= |R|

∑
k∈P

∫
R

| det k|n |f̂(χbk)|2 |ĝ(χb)|2 db

= |R|
∑
k∈P

∫
A

|f̂(χb)|2 |ĝ(χbk−1)|2 db

= |R|
∫
A

|f̂(χb)|2
(∑
k∈P

|ĝ(χbk−1)|2
)
db.

Note that for almost every b ∈ Mn(R), there exists an element k ∈ P for which

b ∈ F · k. This, together with the fact that ĝ ≥ 1F , implies that
∑

k∈P |ĝ(χbk−1)|2 ≥ 1

for almost every b ∈ Mn(R). Thus, |R| is a lower bound for the frame. To obtain the

upper bound, we note that ĝ ≤ 1. Moreover, for almost every b ∈ Mn(R), there are

at most M values of k ∈ P for which |ĝ(χbk−1)| > 0, as ĝ ≤ 1Fo . This completes the

proof.

5.4 Tiling System for GLn(R)

In this section, we generalize the construction of a tiling system for GL2(R)

given in [58] to a tiling system for GLn(R). We then show this construction meets the

conditions of Theorem 5.3.6. We compute the corresponding frame bounds in Section

5.5.

The definition of our tiling system in this section and the computations there-

after are inspired by the Iwasawa decomposition for GLn(R). For matrix groups, this is

equivalent to the well-known Gram decomposition (i.e., the QR decomposition), with

the upper triangular part further decomposed into a diagonal matrix with positive
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entries and a unit upper triangular matrix (i.e., the LU factorization of R). Finally,

we factor out the determinant to use as a parameter in our tiling system. While this

realization works for the current setting, the Iwasawa decomposition is much more

general, and could be applied to other semisimple Lie groups. This decomposition can

be viewed as a change of variables when computing the Haar measure, for which we

provide the relevant formulas here as well.

Theorem 5.4.1 ([76, Proposition 2.3]). Each a ∈ GLn(R) can be uniquely decomposed

as a = skwy, where s ∈ R+, k ∈ On, w ∈ Dn, and y ∈ Tn. Here On is the orthogonal

group in dimension n, Dn is the group of diagonal matrices with positive diagonal

entries and determinant 1, and Tn is the group of unit upper triangular matrices.

That is

GLn(R) =


sk


w1

. . .

wn−1 ∏n−1
i=1 w

−1
i




1 y1,2 · · · y1,n

. . . . . .
...

1 yn−1,n

1



∣∣∣∣∣∣∣∣∣∣∣∣

s, wi ∈ R+,

yi,j ∈ R,

k ∈ On


.

This is known as the Iwasawa decomposition. Moreover, the Haar measure of a subset E

of GLn(R) can be computed in terms of the Euclidean coordinates in this decomposition

as

λGLn(R)(E) =

∫
R+×On×Dn×Tn

1E(skwy)s−1

n−1∏
i=1

w
2(n−i)−1
i dk ds

n−1∏
i=1

dwi
∏
i<j

dyi,j,

where dk is the normalized Haar measure on On, and ds, dwi, dyi,j are Lebesgue measure

on R.

We include two proofs, one using general theory related to semidirect product

groups, the second relying on direct computation of the Jacobian when the decompo-

sition is viewed as a change of variables.

Proof 1. In this proof, we denote the Haar measure of a group G by µG. First note that

det : GLn(R) → R∗ is a group homomorphism, where R∗ is the multiplicative group

of nonzero real numbers. Clearly, H := det−1
({

1,−1
})

is a closed normal subgroup
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of GLn(R), and R+ is isomorphic with GLn(R)/H. So by [41, Theorem 2.51], the

Haar measure of GLn(R) can be decomposed as dµGLn(sx) = dµR+(s) dµH(x). Next,

consider the Iwasawa decomposition SLn(R) = SOnDnTn, and note that by taking

the inverse and allowing matrices with determinant of -1, we can write H = TnDnOn.

Since On and H are unimodular groups, we can apply [41, Theorem 2.51] again, to get

the decomposition dµH(ywk) = dµOn(k) dµTnDn(yw).

Finally, we need to compute dµTnDn . To do so, note that

(yw)(y′w′) = (y(wy′w−1)) (ww′).

Viewing both Dn and Tn as subgroups of the group of upper triangular matrices with

positive determinant, clearly Tn is a complementary subgroup of Dn, in the sense

discussed in Section 2.1.3.2. Consequently, Dn normalizes Tn (i.e., w−1yw ∈ Tn,

whenever w ∈ Dn and y ∈ Tn) and we can view TnDn as a semidirect product TnoβDn,

with β(w)(y) = wyw−1. Therefore, by standard results in semidirect products of groups

(e.g. see Section 1.2 of [78]), we have dµTnDn(yw) = δ(w)−1dµTn(y) dµDn(w), where

δ : Dn → R+ satisfies∫
Tn

f(y)dµTn(y) = δ(w)

∫
Tn

f(wyw−1)dy, for every f ∈ Cc(Tn) and w ∈ Dn.

One can easily see that dµDn(w) =
n−1∏
i=1

dwi
wi

and dµTn(y) =
∏
i<j

dyi,j, with matrices w

and y as represented in the statement of the theorem. Given that wyw−1 = [y′i,j] ∈ Tn

with y′i,j =
wiyi,j
wj

, we have δ(w) =
∏

1≤i<j≤n

wj
wi

. We can compute δ by a simple counting

argument, and using the fact that wn = (w1 · · ·wn−1)−1, as follows:

δ(w) =
∏

1≤i<j≤n

wj
wi

=

∏
1≤i≤n

wi−1
i∏

1≤i≤n

wn−ii

=
∏

1≤i≤n

w2i−n−1
i =

∏
1≤i≤n−1

w2i−2n
i .
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Putting all these together, we obtain the Haar measure of GLn(R), when the

decomposition GLn(R) = R+TnDnOn is used:

λGLn(R)(E) =

∫
R+×Tn×Dn×On

1E(sywk)
n−1∏
i=1

w2i−2n
i dk

ds

s

n−1∏
i=1

dwi
wi

∏
i<j

dyi,j.

Finally, applying the inverse map to the above formula and using unimodularity of

GLn(R), we get

λGLn(R)(E) =

∫
R+×On×Dn×Tn

1E(s−1k−1w−1y−1)
n−1∏
i=1

w2i−2n
i dk

ds

s

n−1∏
i=1

dwi
wi

∏
i<j

dyi,j

=

∫
R+×On×Dn×Tn

1E(skwy)
n−1∏
i=1

w−2i+2n
i dk−1 ds

−1

s−1

n−1∏
i=1

dw−1
i

w−1
i

∏
i<j

d(−yi,j)

=

∫
R+×On×Dn×Tn

1E(skwy)
n−1∏
i=1

w−2i+2n
i dk

ds

s

n−1∏
i=1

dwi
wi

∏
i<j

dyi,j.

We also provide an alternate proof by treating the above matrix decomposition as a

change of variables and directly computing the determinant of the Jacobian.

Notation 5.4.2. From this point forward, we use diag(w1, . . . , wn) to denote an n×n

diagonal matrix with diagonal entries w1, . . . , wn.

Proof 2. By [36, Proposition 5.3.2], the decomposition of GLn(R) with left Haar mea-

sure into kt where k ∈ On and t is upper triangular with positive diagonal entries is

given by ∫
GLn(R)

f(x)
dx

| detx|n
= cn

∫
On×Tn

f(kt) dk
n∏
i=1

t−ii,i
∏
i≤j

dti,j,

where cn is a constant depending only on the dimension n. Let t = (ti,j)i≤j be the

upper triangular matrix in the decomposition above and let J denote the Jacobian
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matrix for the change of variables ti,j = swiyi,j. Let kn = n(n+1)
2

, then J is a kn × kn
matrix. For notational convenience, let wn =

∏n−1
i=1 w

−1
i . Then noting yi,i = 1 for each

i, one can compute | det J | by carefully choosing the ordering of the rows and columns

of J . Let the rows be indexed by the coordinates of t as (in order)

(1, 1), (2, 2), · · · (n− 1, n− 1), (1, 2), (1, 3), · · · , (1, n), (2, 3), · · · , (2, n), · · · (n− 1, n), (n, n).

We index the columns more naturally by the new variables as

s, w1, w2, · · · , wn−1, y1,2, y1,3, · · · y1,n, y2,3, · · · , yn−1,n.

Now, we work with the following block form of the Jacobian matrix

J =


J1,1 J1,2 0

J2,1 J2,2 J2,3

wn J3,2 0

 ,

where J1,1 is (n−1)×1, J1,2 is (n−1)×(n−1), J2,1 is (kn−n)×1, J2,2 is (kn−n)×(kn−n),

J2,3 is (kn − n)× (kn − n), and J3,2 is 1× (n− 1). It is easy to verify that

J1,1 = (w1, w2, · · · , wn−1)>,

J1,2 = diag(s, s, s, · · · , s),

J2,3 = diag(sw1, sw1, · · · , sw1, sw2, · · · , sw2, · · · , swn−1), and

J3,2 = (−sw−1
1 wn,−sw−1

2 wn, · · · ,−sw−1
n−1wn),

where we omit the entries of J2,1 and J2,2 as they do not enter the calculation of the

determinant. Note that in J2,3, each term swi appears n− i times (once for each wiyi,j

in row i of t).

Let Mi denote the matrix obtained by removing row kn and column i. Then by

expanding along the last row, we obtain

det(J) = (−1)kn+1wn det(M1) +
n∑
i=2

(−1)kn+i+1
(
sw−1

i−1wn
)

det(Mi),

where M1 and M2 are lower triangular. Then observe that for 3 ≤ i ≤ n, the matrix Mi

can be made lower triangular through i−2 row permutations given in cyclic notation by
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(123 . . . (i−1)). This shifts the value wi−1 to the entry (Mi)1,1 and otherwise leaves the

diagonal unchanged from M1. As each permutation introduces a factor of (−1)i−2, the

sign in the summation becomes (−1)kn+2i−1 = (−1)kn+1. It easily follows that each term

in the sum becomes equal to (−1)kn+1 det(M1) = (−1)kn+1wi−1w
−1
i−1wns

kn−1
∏n−1

i=1 w
n−i
i .

Since the sum contains n copies of this expression, we obtain

| det(J)| = n · s
n(n+1)

2
−1 ·

n−2∏
i=1

wn−i−1
i .

Combining the first and second change of variables and appropriately rescaling the

Haar measure completes the proof.

Construction of Tiling System. We now show how the tiling system originally

constructed for GL2(R) in [58] may be extended to a tiling system for GLn(R).

Let F be the set

F =


sk



w1 w1y1,2 w1y1,3 · · · w1y1,n−1 w1y1,n

w2 w2y2,3 · · · w2y2,n−1 w2y2,n

w3 · · · w3y3,n−1 w3y3,n

. . .
...

wn−1 wn−1yn−1,n∏n−1
i=1 w

−1
i



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s, wi ∈ [1, 2),

yi,j ∈ [0, 1),

k ∈ On


,

and let P be the discrete set

P =


2λ



2κ1 2κ2µ1,2 2κ3µ1,3 · · · 2κn−1µ1,n−1 2κnµ1,n

2κ2 2κ3µ2,3 · · · 2κn−1µ2,n−1 2κnµ2,n

2κ3 · · · 2κn−1µ3,n−1 2κnµ3,n

. . .
...

2κn−1 2κnµn−1,n

2κn



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ, κi, µi,j ∈ Z,

κn = −
n−1∑
i=1

κi


.

Proposition 5.4.3. For F and P as above, the following two properties hold:

1. F · p ∩ F · q = ∅ for every p 6= q in P .
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2.
⋃
p∈P

F · p = GLn(R).

Proof. To simplify the notation, let wn =
∏n−1

i=1 w
−1
i . To establish the claim, we show

that for each a ∈ GLn(R), the equation

a = sk


w1 · · · w1y1,n−1 w1y1,n

. . .
...

wn−1 wn−1yn−1,n

wn

 2λ


2κ1 · · · 2κn−1µ1,n−1 2κnµ1,n

. . .
...

2κn−1 2κnµn−1,n

2κn

 (5.10)

has a unique solution subject to the constraints λ, κi, µi,j ∈ Z, s, wi ∈ [1, 2), yi,j ∈ [0, 1).

First note that by uniqueness of Iwasawa decomposition, the element k ∈ On in

the above equation is unique. Moreover, from (5.10) we have | det(a)| = (s2λ)n. It is

not difficult to show that this implies

λ =

⌊
1

n

n∑
i=1

log2(a′i,i)

⌋
, and s = 2−λ

(
n∏
i=1

a′i,i

)1/n

.

To proceed, let a′ = 1
|det(a)|1/nk

−1a (noting that k is uniquely determined at this point.)

Clearly, a′ is upper triangular with determinant 1, and we are left to show that

a′ =


w1 · · · w1y1,n−1 w1y1,n

. . .
...

wn−1 wn−1yn−1,n

wn




2κ1 · · · 2κn−1µ1,n−1 2κnµ1,n

. . .
...

2κn−1 2κnµn−1,n

2κn

 (5.11)

has a unique solution given the constraints wi ∈ [1, 2), yi,j ∈ [0, 1), and κi, µi,j ∈ Z. To

do so, we denote the product of the two matrices on the right hand side of (5.11) as
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z = [zi,j], and we observe that these entries have the form

zi,j =



0, for j − i < 0,

wi2
κi , for j − i = 0,

wi2
κj(yi,j + µi,j), for j − i = 1,

wi2
κj(yi,j + µi,j +

∑j−1
k=i+1 yi,kµk,j) for j − i > 1.

We now proceed by an induction-like argument on the diagonals, starting from

the main diagonal. Namely, note that a′i,i = 2κiwi, with constraints wi ∈ [1, 2) and

κi ∈ Z, has a unique solution for each 1 ≤ i ≤ n. Moving to the super-diagonal, we

likewise solve these equations to find that when j − i = 1, we have

µi,j =

⌊
2−κja′i,j
wi

⌋
, and yi,j =

2−κja′i,j
wi

−
⌊

2−κja′i,j
wi

⌋
.

Finally, the remaining entries when j − i > 1 can be computed similarly, as follows:

µi,j =

⌊
2−κja′i,j
wi

−
j−1∑
k=i+1

yi,kµk,j

⌋
, and

yi,j =
2−κja′i,j
wi

−
j−1∑
k=i+1

yi,kµk,j −

⌊
2−κja′i,j
wi

−
j−1∑
k=i+1

yi,kµk,j

⌋
,

where all values on the right hand sides are known from previous diagonals. This

establishes the proposition.

Note that Proposition 5.4.3 shows that the pair (P, F ) forms a frame generator

in the sense of [11], and the pair (F, P ) satisfies the slightly different definition of a

tiling system given in [58]. We now show that (F, P ) also fulfills the new conditions

for a tiling system given in Definition 5.3.1.

Corollary 5.4.4. For F and P as given in the previous proposition, we have

(i) λGLn(F · p ∩ F · q) = 0 for every distinct pair p, q ∈ P ,

(ii) λGLn(GLn(R) \
⋃
{F · p : p ∈ P}) = 0.
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Proof. Property (ii) is immediate, as

GLn(R) =
⋃{

F · p
∣∣ p ∈ P } ⊆⋃{F · p ∣∣ p ∈ P } ⊆ GLn(R).

For the first property, note that by Proposition 5.4.3, F · p∩F · q = ∅ if p 6= q ∈ P . So,

λGLn(R)(F · p ∩ F · q) = λGLn(R)

(
(F \ F ) · p ∩ F · q

)
∪
(
F \ F ) · q ∩ F · p)

)
≤ λGLn(R)

(
(F \ F ) · p

)
+ λGLn(R)

(
(F \ F ) · q

)
= λGLn(R)(F \ F ) + λGLn(R)(F \ F )

= 0,

where the second to last equality follows as GLn(R) is unimodular, and the last equality

can be verified computed directly using Theorem 5.4.1.

We now show how to construct an open set Fo containing F . Fix ε > 0. Let Fo

be the set

Fo =


sk



w1 w1y1,2 w1y1,3 · · · w1y1,n−1 w1y1,n

w2 w2y2,3 · · · w2y2,n−1 w2y2,n

w3 · · · w3y3,n−1 w3y3,n

. . .
...

wn−1 wn−1yn−1,n∏n−1
i=1 w

−1
i



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s, wi ∈ (1− ε, 2 + ε),

yi,j ∈ (−ε, 1 + ε),

k ∈ On


.

Proposition 5.4.5. Fo is an open set in GLn(R) such that F ⊆ Fo.

Proof. The inclusion F ⊆ Fo is clear. To prove that Fo is open in GLn(R), note that

the multiplication map

SOn ×Dn × Tn → SLn(R)

is a diffeomorphism (see Proposition 1.6.2 of [1]). Consequently, the multiplication

map R+ × On × Dn × Tn → GLn(R) is a homeomorphism and maps any open set to

an open subset of GLn(R).
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Summarizing the results from this section, we have constructed a tiling system

(F, P ) and determined how to compute the measure of a set E through the coordinates

of the Iwasawa decomposition, which we used to motivate the tiling. We now use

these results to compute frame bounds for the discretization of the continuous wavelet

transform.

5.5 Computation of Frame Bounds

In this section, we find bounds for the value M (as defined for Theorem 5.3.6)

associated with the sets P, F, and Fo. Recall that M is just the least uniform upper

bound for the number of q ∈ P such that for a fixed p ∈ P , F · p and Fo · q have

non-trivial intersection. Once we have done this for general n, we provide a concrete

example with all details when n = 2.

Proposition 5.5.1. For F , P , and Fo defined in Section 5.4, M as in Notation 5.3.5,

and 0 < ε ≤ 1
2
, we have

M = sup
p∈P

∣∣{ k ∈ P ∣∣ F · p ∩ Fo · k 6= ∅
}∣∣ ≤ 3n6

n(n−1)
2 .

Proof. If F · p∩Fo · p′ 6= ∅ for some p 6= p′ ∈ P , then there exist a ∈ F and a′ ∈ Fo for

which we have ap = a′p′, or equivalently

a = a′p′p−1. (5.12)

Using Theorem 5.4.1, we write the Iwasawa decompositions for both a = skwy and

a′ = s′k′w′y′, where w and w′ are diagonal matrices diag(w1, . . . , wn−1, (w1 · · ·wn−1)−1)

and diag(w′1, . . . , w
′
n−1, (w

′
1 · · ·w′n−1)−1), and y = [yi,j] and y′ = [y′i,j] are unit upper

triangular matrices. Suppose p, p′ are written in the format of P using λ, κi, µi,j and

λ′, κ′i, µ
′
i,j respectively. By the uniqueness of Iwasawa decomposition and equality of

the determinants of both sides of the above equation, we get:

k = k′, (C1)

s = s′2λ
′−λ. (C2)
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From (5.12), we get

wy = w′y′ [µ′i,j] diag(2κ
′
1−κ1 , . . . , 2κ

′
n−κn) [µi,j]

−1, (5.13)

which simplifies to

wy = w′ diag(2κ
′
1−κ1 , . . . , 2κ

′
n−κn)︸ ︷︷ ︸

∈Dn

diag(2−κ
′
1+κ1 , . . . , 2−κ

′
n+κn) y′ [µ′i,j] diag(2κ

′
1−κ1 , . . . , 2κ

′
n−κn) [µi,j]

−1︸ ︷︷ ︸
∈Tn

,

where y, y′, [µi,j], [µ
′
i,j] ∈ Tn are unit upper triangular matrices and

n∑
i=1

κi =
n∑
i=1

κ′i = 0

(as in the definition of P ). Note that in the above equation, we used the fact that Dn

normalizes Tn. By uniqueness of Iwasawa decomposition, we have

w = w′ diag(2κ
′
1−κ1 , . . . , 2κ

′
n−κn),

and

[yi,j] = diag(2−κ
′
1+κ1 , . . . , 2−κ

′
n+κn) [y′i,j] [µ′i,j] diag(2κ

′
1−κ1 , . . . , 2κ

′
n−κn) [µi,j]

−1.

Thus we obtain the conditions

w′i2
κ′i−κi = wi ∀i (C3)

2(κ′j−κj)−(κ′i−κi)
j∑
k=i

y′i,kµ
′
k,j =

j∑
k=i

yi,kµk,j for j ≥ i (C4)

by comparing each product entry-wise.

Given a fixed p ∈ P represented by λ, κi, µi,j, we count the number of p′ ∈ P

with parameters λ′, κ′i, µ
′
i,j for which (5.13) can be satisfied for some choice of a ∈ F

and a′ ∈ Fo. Using condition (C1), we see that

s′2λ
′−λ = s ∈ [1, 2].

As s′ ∈ (1 − ε, 2 + ε), if ε ≤ 1
2
, we deduce that λ′ − λ ∈

{
−1, 0, 1

}
. This also shows

that λ′ − λ = −1 implies s′ ∈ [2, 2 + ε), λ′ − λ = 0 implies s′ ∈ [1, 2], and finally

that λ′ − λ = 1 implies that s′ ∈ (1 − ε, 1]. Similarly, we deduce from (C3) that
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κ′i − κi ∈ {−1, 0, 1} holds since ε ≤ 1
2
. This constrains w′i to be in [2, 2 + ε), [1, 2] or

(1− ε, 1] respectively. Also, note that for a given choice of κ′i ∈
{
κi− 1, κi, κi + 1

}
, we

have a uniquely determined w′i given by w′i = wi

2κ
′
i
−κi

.

From this point forward, we assume that λ′ and κ′1, . . . , κ
′
n−1 have been chosen

according to the above constraints, and the parameters s′, w′i and κ′n have been deter-

mined accordingly; recall that κ′n = −
∑n−1

i=1 κ
′
i. Let pi,j = (κ′j − κj) − (κ′i − κi). As

κ′j − κj, κ′i − κi ∈
{
−1, 0, 1

}
, it follows that pi,j ∈

{
−2,−1, 0, 1, 2

}
. To count possible

solutions for equations, we will make repeated use of the following claim.

Claim 5.5.2. Let 0 < ε ≤ 1
2

be fixed. Then for any interval [α, α + 4] ⊂ R, there are

at most six β ∈ Z such that [α, α + 4] ∩ (β − ε, β + 1 + ε) 6= ∅.

Proof of Claim. Let m = min
{
β ∈ Z

∣∣ [α, α + 4] ∩ (β − ε, β + 1 + ε) 6= ∅
}

. Clearly

m exists and is finite, as both intervals are bounded and Z is discrete. Now, consider

m + k for k ≥ 6. If (m + k − ε,m + k + 1 + ε) intersects [α, α + 4], then we have

(m− ε,m+ 1 + ε) intersects [α− k, α− k+ 4]. On the other hand, by definition of m,

we know that (m − ε,m + 1 + ε) intersects [α, α + 4] as well. This is a contradiction,

because (m − ε,m + 1 + ε) has length at most 2, which is not larger than the gap

between the above two closed intervals. Therefore, there are at most 6 possible choices

for β ∈ Z for which we may have [α, α + 4] ∩ (β − ε, β + 1 + ε) 6= ∅.

Returning to our main proof of Proposition 5.5.1, we now proceed by an induc-

tive argument. We examine diagonals of the matrices on the two sides of (C4), starting

from the super-diagonal. For j = i+ 1, condition (C4) becomes

y′i,i+1 + µ′i,i+1 = 2−pi,i+1(µi,i+1 + yi,i+1),

with the constraints y′i,i+1 ∈ (−ε, 1 + ε), yi,i+1 ∈ [0, 1] and µ′i,i+1 ∈ Z. Note that

2−pi,i+1µi,i+1 is fixed at this point, and clearly 2−pi,i+1yi,i+1 ∈ [0, 4]. So by Claim 5.5.2,

there are at most six possible choices for µ′i,i+1.

Next, by induction hypothesis, assume that for every µ′i,j with j − i < k, there

are at most six possible choices that satisfy (C4). Also assume that yi,j, y
′
i,j and µ′i,j
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have been fixed whenever j − i < k (i.e., for the first k − 1 diagonals). For j = i + k,

condition (C4) becomes

y′i,i+k + µ′i,i+k = 2−pi,i+kyi,i+k +

(
2−pi,i+k

k+i−1∑
t=i

yi,tµt,i+k −
k+i−1∑
t=i+1

y′i,tµ
′
t,i+k

)
︸ ︷︷ ︸

α

, (5.14)

where µ′i,i+k ∈ Z, y′i,i+k ∈ (−ε, 1 + ε) and yi,i+k ∈ [0, 1]. Note that the expression α in

the above equation is fixed, as it only involves values which have already been chosen.

So, by Claim 5.5.2, there are at most six possible choices for µ′i,i+k. This proves that

for every µ′i,j in (C4), there are only six possible values that may satisfy the equation.

In the following table, we summarize what we have found so far. Note that not

every possible solution is necessarily an actual solution; however, any solution for (C4)

is counted below.

parameter number of possible choices possible solutions in terms of p
λ′ 3 λ− 1, λ, λ+ 1

κ′i, 1 ≤ i < n 3 κi − 1, κi, κi + 1

κ′n 1 −
∑n−1

i=1 κ
′
i

µ′i,j, i < j 6
solutions to (5.14) satisfying
given constraints

Table 5.1: Maximum number of possible choices for each parameter in p′.

Combining these results, we conclude that for a fixed p ∈ P , there are at most

3n6
n(n−1)

2 possible choices for p′ ∈ P such that F · p ∩ Fo · p′ 6= ∅.

Remark 5.5.3. The case for n = 2 was also previously studied in [58]. Proposition

5.5.1, together with Theorem 5.3.6, shows that using our methods one can construct

frames with significantly better frame condition numbers than the construction in [58].

Indeed, the ratio of the frame bounds in our construction is C2

C1
≤ 54, whereas the frame

condition number C2

C1
for the construction in [58] was about 1782. (In fact, it is only

mentioned in [58] that M <∞. However, looking into their arguments closely, one can

obtain that M is bounded by 1782. Also, note that there is a typo in the definition of
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M in [58]; the correct formula should be M = sup
p∈P

∣∣{ p′ ∈ P | p ·D ∩ p′ ·D 6= ∅}∣∣ .)
As the rate of convergence in frame calculations when approximating signals is highly

sensitive to the frame condition number (i.e., the ratio of the frame bounds), our

methods result in much more practical and efficient frames than those of [58] for the

case of n = 2.

Remark 5.5.4. When n = 2, the above proposition gives M ≤ 54. However, in this

case we can obtain the following improvement.

Corollary 5.5.5. In the same setting as Proposition 5.5.1, if n = 2, then M ≤ 36.

Proof. When n = 2, we have

p′ = 2λ
′

2κ
′

2−κ
′
µ′

0 2−κ
′

 .
Therefore there is only one one κ′ and µ′ to choose, and p1,2 ∈

{
−2, 0, 2

}
. By bounding

µ′ for each p1,2 separately, we can obtain the improved bound.

By Claim 5.5.2, we still have at most 6 choices when p1,2 = −2. Adapting

Claim 5.5.2 in the case p1,2 = 0, (intervals [α, α + 1]), there are at most 3 choices for

µ′. Finally, for the case p1,2 = 2 (intervals [α, α + 1
4
]), we have for 0 < ε < 1

4
there are

at most 2 choices of µ′, and for 1
4
≤ ε < 1

2
there are at most 3 choices for µ′. So based

on 0 < ε < 1
4

or 1
4
≤ ε < 1

2
, one gets M ≤ 33 and M ≤ 36, respectively.

Similar improvements could be made for higher-dimensional cases, but finding the

improved bounds in these cases becomes quite complicated and currently provides

little additional value.

5.6 Concrete Frame Construction for n = 2

So far, we have established that the proposed sets F, Fo, and P satisfy the

conditions of Theorem 5.3.6, and have calculated M as well. In this section, we use

these sets and follow the construction in Theorem 5.3.6, to give an explicit example of a
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discrete frame for L2(M2(R)). A similar approach can be taken for higher dimensions,

but we focus our attention on n = 2 for now.

The Iwasawa decomposition for GL2(R) can be stated as follows: Let O2 denote

the group of orthogonal 2 × 2 matrices, D2 denote the diagonal 2 × 2 matrices with

positive diagonal entries and determinant 1, and T2 denote the 2× 2 unit upper trian-

gular matrices. Every element of GL2(R) can be uniquely decomposed as an ordered

product of elements in O2, D2, and T2. That is, GL2(R) = O2D2T2. Note that O2 is

compact, and T2 and D2 are both abelian subgroups of GL2(R).

Figure 5.1: Multiscale tiling based on (F, P ). The base tile is lighter. Several shifted
tiles are shown in darker gray.
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Tiling System. Let P =

 2λ

 2κ 2−κµ

0 2−κ

 ∣∣∣∣∣∣ λ, κ, µ ∈ Z

,

F =


 ± cos θ ∓ sin θ

sin θ cos θ

 sw swy

0 sw−1

 ∣∣∣∣∣∣ θ ∈ [0, 2π), s, w ∈ [1, 2), y ∈ [0, 1)

 .

Then (F, P ) forms a tiling system in the sense of Definition 5.3.1 for GL2(R). After

projecting on the (s, w, y)-space, this tile and some of its translates under the action

of P are shown in Figure 5.1. Note that by Corollary 5.5.5, we have M ≤ 36.

As before, we take 0 < ε ≤ 1
2
, and define Fo to be

Fo =


± cos θ ∓ sin θ

sin θ cos θ

sw swy

0 sw−1


∣∣∣∣∣∣∣∣∣∣

θ ∈ [0, 2π)

s, w ∈ (1− ε, 2 + ε)

y ∈ (−ε, 1 + ε)

 .

Reconstruction Formula. Recall the explicit formulation of the reconstruction for-

mula (5.8) for n = 2. The wavelet condition (Equation (5.15)) and reconstruction

formula (Equation (5.16)) were obtained in Theorem 2.1 of [58].

Let ψ ∈ L2(R4). If

∫
R4

∣∣∣ψ̂(h1, h2, h3, h4)
∣∣∣2 dh1dh2dh3dh4

|h1h4 − h2h3|2
= 1, (5.15)

then ψ is a wavelet. For x, y ∈ M2(R) and h ∈ GL2(R), define ψ x,h(y) as

1
a
ψ
(
h4(y1−x1)−h2(y3−x3),h4(y2−x2)−h2(y4−x4),h1(y3−x3)−h3(y1−x1),h1(y4−x4)−h3(y2−x2)

h1h4−h2h3

)
,

where a = |h1h4 − h2h3|. Then, for any f ∈ L2(R4), we have

f =

∫
R4

∫
R4

〈 f, ψx,h 〉ψ x,h dx1 · · · dx4 dh1 · · · dh4

|h1h4 − h2h3|4
, (5.16)

weakly in L2(R4). Conversely, if (5.16) holds for every f ∈ L2(R4), then ψ is a wavelet.
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We now conclude this chapter by describing the discretization of (5.16) to make

it computationally feasible.

The Discrete Frame. To discretize the continuous frame, we find a 4-dimensional

cube R containing Fo. Suppose

R =
{

(x1, x2, x3, x4)
∣∣∣ xi ∈ [ai, bi] for i ∈ {1, 2, 3, 4}

}
,

where ai < bi, for 1 ≤ i ≤ 4, are fixed real numbers. We need to determine appropriate

values for ai and bi so that Fo ⊆ R. Consider an arbitrary element of Fo together with

its Iwasawa decomposition, say

 x1 x2

x3 x4

 =

 ± cos θ ∓ sin θ

sin θ cos θ

 sw swy

0 s
w

 ,

where s, w ∈ (1− ε, 2 + ε) and y ∈ (−ε, 1 + ε). Comparing the two sides of the above

matrix equation, we get

|x1|, |x3| ≤ |sw| ≤ (2 + ε)2 < 7,

|x2|, |x4| <

√
|swy|2 + | s

w
|2 ≤ (2 + ε)(1 + ε)

√
w2 +

1

w2
≤
(

5

2

)(
3

2

)√
13

2
< 10,

where we used the fact that ε ≤ 1
2
. Thus, we can set a1 = a3 = −7, b1 = b3 = 7,

a2 = a4 = −10, and b2 = b4 = 10.

Let L2(R) be the closed subspace of L2(R4) consisting of all the elements sup-

ported on R. We can construct an orthonormal basis of L2(R) indexed by the set J

defined as

J =

λ =

 λ1 λ3

λ2 λ4

 ∣∣∣∣∣∣ λ1, λ3 ∈
1

14
Z, λ2, λ4 ∈

1

20
Z

 .

Then for all g ∈ L2(M2(R)) which satisfy 1F ≤ ĝ ≤ 1Fo , we have{
ρ[λ, p]−1g

∣∣∣ (λ, p) ∈ J × P
}
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is a discrete frame with frame bounds C1 = |R|, C2 = |R|M . That is

|R| ‖f‖2 ≤
∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(M2(R))

∣∣2 ≤ |R|M ‖f‖2

for all f ∈ L2(M2(R)).

Remark 5.6.1. Note that |R| in the above construction is 142 × 202, which is far

smaller than the similar parameter from [58], which was 1764. Also, when it is necessary

or useful, one can easily compute ρ[λ, p]−1g explicitly to obtain a formula similar to

ψx,h = ρ[x, h]ψ. In fact, in Section 5.8, where we discuss applications to more general

function spaces, this will appear in the proof of Theorem 5.8.1.

5.7 Improved Bounds for Subclasses of Signals

For some classes of signals, we can improve the frame bounds by introducing a

dependence on the measures of the overlapping tiles. Towards that end, we first prove

an upper bound on the measure of intersecting sets for our tiling system introduced in

Section 5.4. We prove the general bound for the case n ≥ 3, and will compute explicitly

the upper bound for n = 2 in the example below, which proves to be a special case.

We will then conclude by finding conditions on signals for which improved bounds hold

for the discrete frame in 5.3.6.

Theorem 5.7.1. Let F , P , and Fo be as defined in Section 5.4 and let Ep,p′ denote the

set F · p ∩ Fo · p′. Then for n ≥ 3 and ε ≤ (22n−3 − 1)
1

2n−4 − 2, the bound

λGLn(Ep,p′) ≤ cn

[
(2 + ε)2n−2 − 22n−2

2n− 2

]
holds, where the constant is given by

cn = log(2)
n−2∏
i=2

22n−2i − 1

2n− 2i
.

Proof. Here we provide an overview of the argument. We then prove each statement

rigorously below.
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Claim 1: First, we establish an upper bound can be obtained by integrating each

variable separately and multiplying the results.

Step 2: Now recall by Proposition 5.5.1, we found that for any given Ep,p′ , we must

have s and wi (1 ≤ i < n) each limited to one of the intervals (1 − ε, 1], [1, 2], or

[2, 2 + ε). Similarly we had yi,j in one of the intervals (−ε, 0], [0, 1], or [1, 1 + ε) for each

i < j ≤ n. So we define the functions

f (1)
n (i) =

∫ 1

1−εw
2n−2i−1 dw∫ 2

1
w2n−2i−1 dw

, f (2)
n (i) =

∫ 2+ε

2
w2n−2i−1 dw∫ 2

1
w2n−2i−1 dw

,

g(1) =

∫ 1

1−ε s
−1 ds∫ 2

1
s−1 ds

, g(2) =

∫ 2+ε

2
s−1 ds∫ 2

1
s−1 ds

,

h
(1)
i,j =

∫ 1

−ε dyi,j∫ 1

0
dyi,j

, h
(2)
i,j =

∫ 1+ε

1
dyi,j∫ 1

0
dyi,j

.

Note that each function produces the ratio between the integral when corresponding

parameters differ, but possibly overlap, as summarized in Table 5.1.

Claim 3: For a fixed dimension n and ε(n) sufficiently small, each ratio above is less

than or equal to 1. This shows that the integral over [0, 1] or [1, 2] results in the larger

value for each possible value, so the maximum product would be over those in each

case—however, this only occurs if p = p′.

Claim 4: As p 6= p′, we must determine which single parameter change results in

the largest product, but this is the same as maximizing over all the ratio functions

above for each fixed dimension n. So finally we prove that the maximum over all other

parameters occurs for f
(2)
n (1).

99



Conclusion: This establishes the final result, as it shows that the maximum value

of the product occurs for p 6= p′ when all parameters are equal except for κ′1 = κ1 − 1,

and the bound is

log(2)
n−2∏
i=2

22n−2i − 1

2n− 2i

[
(2 + ε)2n−2 − 22n−2

2n− 2

]
.

Proof of Claim 1. Let p, p′ ∈ P be such that E =
(
F · p ∩ Fo · p′

)
6= ∅ and p 6= p′.

Then to compute an upper bound on the measure of Ep,p′ , first note that for a ∈ F

and a′ ∈ Fo, we have

λGLn(R)(Ep,p′) =

∫
GLn(R)

1E(a) da =

∫
GLn(R)

1E(a′p′p−1) d(a′p′p−1) =

∫
GLn(R)

1E(a′p′p−1) da′.

We next use the change of variables introduced in Theorem 5.4.1, a′ 7→ kswy, and note

that F and Fo are both invariant under actions of On on the left (by definition), so

that 1E(kswyp′p−1) = 1E(swyp′p−1). This demonstrates that

λGLn(R)(Ep,p′) =

∫
On×R∗×Dn×Tn

1Ep,p′ (swyp
′p−1)s−1

n−1∏
i=1

w
2(n−i)−1
i dk ds

n−1∏
i=1

dwi
∏
i≤j

dyi,j,

where dk is the normalized Haar measure on On. Additionally, ds, dwi, dyi,j are each

Lebesgue measure on R for all i, j.

Finally, noting that 1Ep,p′ (swyp
′p−1) ≤ 1I(1)(s)1I(2)i

(wi)1I(3)i,j
(yi,j), where each

interval I(·) is determined by the choice of p and p′ following the work done in Proposi-

tion 5.5.1, wherein we obtained conditions on the only possible parameters in the swy

decomposition for which 1E(swyp′p−1) can be non-zero. This demonstrates

λGLn(R)(Ep,p′) ≤
(∫

I(1)
s−1 ds

) (n−1∏
i=1

∫
I
(2)
i

w
2(n−i)−1
i dwi

) (∏
i≤j

∫
I
(3)
i,j

dyi,j

)
,

where the possible intervals for I(1), I
(2)
i , and I

(3)
i,j were established in Proposition 5.5.1,

and used in the definitions of the functions in Step 2.
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Proof of Claim 3. It is easy to compute the cases associated with yi,j and s as

g(1) = log2

(
1

1− ε

)
, g(2) = log2

(
2 + ε

2

)
.

It is easy to show that for ε ∈ (0, 1
2
], we have that g(1) ≥ h

(1)
i,j = h

(2)
i,j ≥ g(2) by standard

techniques from calculus, which is identical to proving f
(1)
3 (i) ≤ f

(2)
3 (i) below, so we

omit the details here.

Next, note that

f (k)
n (i) =

∫
I(k)

w2n−2i−1dw∫ 2

1
w2n−2i−1dw

=

∫
I(k)

w2(n−1)−2(i−1)−1dw∫ 2

1
w2(n−1)−2(i−1)−1dw

= f
(k)
n−1(i− 1), k = 1, 2, 3.

In particular, we have the recursive relation f
(·)
n (i) = f

(·)
3 (i− (n−3)), so without loss of

generality, we restrict our attention to the case n = 3. However, we extend the domain

of definition of f
(·)
3 to all integers less than or equal to 2. In particular, we show the

following three facts:

1. f
(1)
3 (i) ≤ f

(2)
3 (i),

2. g(1) ≤ f
(2)
3 (1),

3. and f
(2)
3 (k + 1) ≤ f

(2)
3 (k) for k ∈ (−∞, 1].

The first statement follows by defining r(ε) = (2+ ε)6−2i−26−2i+(1+ ε)6−2i−1.

Then r(0) = 0 and r′(ε) ≥ 0 for all ε > 0, so the function is non-negative on [0,∞). It

is straight-forward to verify that the inequality in the first statement reduces to this

fact. Similarly, by defining t(ε) = f
(2)
3 (1) − g(1), and applying the same tests, we see

that t(ε) > 0 on [0, 1
2
], which proves the second statement.

The third statement follows by induction on k. The base case will be k = 1,

then

f
(2)
3 (2)− f (2)

3 (1) = − 1

15
ε(1 + ε)(3 + ε)(4 + ε) < 0, ∀ε > 0.

Note that after algebraic simplification, the statement becomes

4k
[
1 +

ε

3
(4 + ε)

]
≤ 42

[
(2 + ε)2k−4 +

ε

3
(4 + ε)

]
,
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which is what we will prove in the induction step. By the induction hypothesis, we

have

4k−1
[
1 +

ε

3
(4 + ε)

]
≤ 1

4
42
[
(2 + ε)2k−4 +

ε

3
(4 + ε)

]
.

And clearly, (2 + ε)2k−6 ≤ 1 for all k ≤ 3 and all 0 < ε ≤ 1
2
, so

(2 + ε)2k−6 ≤ 1

(2 + ε)2k−6[(2 + ε)2 − 4] ≤ ε(4 + ε)

(2 + ε)2k−4 − 4(2 + ε)2k−6 ≤ ε(4 + ε)

(2 + ε)2k−4 +
ε

3
(4 + ε) ≤ 4(2 + ε)2k−6 +

4

3
ε(4 + ε)

4
[
(2 + ε)2k−4 +

ε

3
(4 + ε)

]
≤ 42

[
(2 + ε)2k−6 +

ε

3
(4 + ε)

]
Therefore

4k−1
[
1 +

ε

3
(4 + ε)

]
≤ 42

[
(2 + ε)2k−6 +

ε

3
(4 + ε)

]
.

This establishes the fact that f
(2)
n (1) is always the largest ratio for n ≥ 3.

As we are attempting to maximize the product of the integral terms, and we

must replace one term with a smaller one, we want to choose the one with the largest

ratio between terms. Combining all the previous statements, we have that maximum

occurs for f
(2)
n (1) for n ≥ 3. This completes the proof.

Remark 5.7.2. It is not difficult to modify the above argument to the measure on

Mn(R), if such a bound proves useful. The two measures differ only by a factor of the

determinant, so the only function changes will be to g(1) and g(2).

Bound for Overlapping Tiles for n = 2. This (mostly) follows from the general

case presented in Theorem 5.7.1. However, it differs slightly due to the fact (in the

notation presented there) f
(2)
2 (1) ≤ g(1). So when n = 2, the upper bound on sets E of

the form F · p ∩ Fo · p′, with p 6= p′ ∈ P , is given by

λGLn(R)(E) ≤ 24−2 − 1

4− 2
log

(
1

1− ε

)
= 6π log

(
1

1− ε

)
.
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Given the reduced number of cases when n = 2, we have also explicitly computed all

the measures for this case in Table 5.2 at the end of this chapter.

Improved Frame Bounds. We now show that for certain classes of signals, the

bounds in 5.3.6 can be improved.

Proposition 5.7.3. Let F , P , and Fo be as defined in Section 5.4, and M as in

Notation 5.3.5. Let Xα = det−1([−α, α]) =
{
x ∈ Mn(R)

∣∣ | detx| ≤ α
}

and

Aα,β =

{
f ∈ L2(Mn(R))

∣∣∣∣ supp(f) ⊆ Xα and ‖f̂
F ·`
‖2

2q ≤ β

∥∥∥∥f̂
F ·`

∥∥∥∥
2

,∀` ∈ P
}
,

where f̂
F ·`

denotes the restriction of f̂ to F · `. Let φ(ε) denote the upper bound from

Theorem 5.7.1 on the measure of sets Ep,p′. Then for f ∈ Aα,β, upper and lower frame

bounds in 5.3.6 can be improved as

|R| ‖f‖2
2 ≤

∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(Mn(R))

∣∣2 ≤ (1 +Mφ(ε)1−1/qαn(1−1/q)β
)
|R| ‖f‖2

2.

In particular, as φ(ε) → 0 as ε → 0, the upper bound can be made arbitrarily close to

|R| for signals on Aα,β.

Proof. We begin by using all calculations from the proof of Theorem 5.3.6, which proves

the lower frame bound and shows that∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉L2(A)

∣∣2 = |R|
∑
k∈P

∫
A

|f̂(χb)|2|ĝ(χbk−1)|2 db

= |R|
∑
k∈P

∑
`∈P

∫
F ·`
|f̂(χb)|2|ĝ(χbk−1)|2 db,

where the last equality follows as (F, P ) forms a tiling system. We can rewrite this as

|R|
∑
k∈P

∫
F ·k
|f̂(χb)|2 db+ |R|

∑
k∈P

∑
`∈P
`6=k

∫
F ·`
|f̂(χb)|2|ĝ(χbk−1)|2 db.

The first term is |R| ‖f̂‖2
L2(A), so we proceed by bounding the integral in the second

term.
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Claim 5.7.4. For all k 6= ` ∈ P , we have

∫
F ·`
|f̂(χb)|2 |ĝ(χbk−1)|2 db ≤ max

h∈F ·`
| deth|n/p λGLn(R)(E`,k)

1/p ‖f̂
F ·`
‖2
L2q(A).

Proof of claim. As k 6= `, ĝ 6= 0 if b ∈ E`,k. Additionally, ĝ ≤ 1, so we have∫
F ·`
|f̂(χb)|2 |ĝ(χbk−1)|2 db ≤

∫
A

1E`,k(b) |f̂
F ·`

(χb)|2 db.

For any q > 1, we apply Hölder’s inequality to obtain

∫
A

1E`,k(b) |f̂
F ·`

(χb)|2 db ≤ ‖1E`,k‖Lp(A) ‖ |f̂
F ·`
|2 ‖Lq(A)

= ‖1E`,k‖Lp(A) ‖ f̂
F ·`
‖2
L2q(A).

It only remains to bound ‖1E`,k‖Lp(A), which follows from

‖1E`,k‖
p
Lp(A) =

∫
A

1E`,k(x) dx

=

∫
E`,k

| detx|n dx

| detx|n

≤ max
h∈F ·`

| deth|n λGLn(R)(E`,k).

This establishes the claim.

To complete the main proof, we apply Claim 5.7.4 and obtain∑
k∈P
`∈P
` 6=k

∫
F ·`
|f̂(χb)|2|ĝ(χbk−1)|2 db ≤

∑
k∈P
`∈P
`6=k

max
h∈F ·`

| deth|n/p λGLn(R)(E`,k)
1/p ‖f̂

F ·`
‖2
L2q(A)

≤ αn/p φ(ε)1/p
∑
k∈P

∑
`∈P
`6=k

‖f̂
F ·`
‖2
L2q(A)

Applying this inequality with the fact that there are at most (M − 1) elements ` ∈ P

such that E`,k 6= ∅ for k 6= `, we conclude

|R|
∑
k∈P

∑
`∈P
6̀=k

∫
F ·`
|f̂(χb)|2|ĝ(χbk−1)|2 db ≤ |R|αn/p φ(ε)1/p (M − 1)β ‖f‖2

2 .
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Using reverse versions of Jensen’s inequality, we hope to find natural descriptions for

the spaces Aα,β in the future.

5.8 Extensions to More General Function Spaces

In this section, we investigate if our previous results and methods could be used

to form frames for Sobolev spaces.

Classical Sobolev Spaces. We now consider the classical Sobolev spaces, a class

of weighted L2 spaces, although we hope to extend results from this section to more

general spaces in future work. We define the Sobolev space Hs (for s ∈ Z≥0) as

Hs(Mn(R)) :=

{
f ∈ L2(Mn(R))

∣∣∣∣ F−1
[
(1 + |2πξ|2)s/2Ff

]
∈ L2(Mn(R))

}
.

Then Hs(Mn(R)) is a Hilbert space with respect to the inner product

〈 f, g 〉Hs(Mn(R)) =

∫
M̂n(R)

f̂(ξ)ĝ(ξ)(1 + (2π|ξ|)2)s dξ,

and Hs(Mn(R)) is a Banach space with respect to the norm

‖f‖Hs(Mn(R)) =

(∫
M̂n(R)

|f̂(ξ)|2(1 + (2π|ξ|)2)s dξ

)1/2

.

For notational convenience, we will define the weight function as

ω(ξ) = (1 + (2π|ξ|)2)s/2.

While it is not obvious from the Fourier characterization of Sobolev spaces, an

equivalent formulation of the space can be defined as a function f is in Hs(Mn(R)) if

and only if f ∈ L2(Mn(R)) and all of its partial derivatives up to order s are also in L2.

That is, the Sobolev norm captures a measure of how smooth a function is through

the inclusion of derivative information.
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The Hilbert Frame in Sobolev Space. We now explicitly give the calculation

similar to that in Theorem 5.3.6, but replace the inner product with that for Sobolev

spaces. Note that if we repeat the calculation as we did in 5.3.6 and use the unitary

property of the representation to shift the action of the representation away from the

wavelet to the function f , then we get

∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉Hs(A)

∣∣2 = |R|
∫
A

|f̂(χb)|2
(∑
k∈P

|ĝ(χbk−1)|2 ω4(χbk−1)

)
db.

In this case, the weight function being disassociated with the function f makes the

Sobolev norm vanish from the computations, which is not useful for determining the

frame requirements.

Theorem 5.8.1. Let (F, P ) be a tiling system for GLn(R), with R and Fo as in No-

tation 5.3.5. Let g ∈ Hs(Mn(R)) be such that 1F ≤ ĝ ≤ 1Fo. Then the collection{
ρ[λ, p]−1g

∣∣ (λ, p) ∈ J × P
}

is a discrete frame in Hs(Mn(R)), where J is defined

in Notation 5.3.4, if and only if s = 0.

Proof. For an arbitrary f ∈ Hs(Mn(R)), we have∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉Hs(A)

∣∣2 =
∑
k∈P

∑
γ∈J

∣∣∣〈 f̂ , π[−k−1γ, k−1]ĝ 〉Hs(A)

∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
A

f̂(χb) | det k|−n/2χb(−k−1γ)ĝ(χbk−1)ω2(χb) db

∣∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
A

f̂(χb) | det k|−n/2χbk−1(γ)ĝ(χbk−1)ω2(χb) db

∣∣∣∣2

=
∑
k∈P

∑
γ∈J

∣∣∣∣∫
A

f̂(χbk)ω
2(χbk) | det k|n/2χb(γ)ĝ(χb) db

∣∣∣∣2

We proceed by defining the new function hk(b) = | det k|n/2 f̂(χbk)ω
2(χbk) ĝ(χb) and
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noting once more that the set
{
eγ(b) = χb(γ)1R(b) |R|−1/2 γ ∈ J

}
forms an or-

thonormal basis for L2(R). Then applying Parseval’s identity on L2(R) we see that∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k]−1g 〉Hs(A)

∣∣2 = |R|
∑
k∈P

∑
γ∈J

∣∣〈hk, eγ 〉L2(R)

∣∣2
= |R|

∑
k∈P

∫
R

| det k|n |f̂(χbk)|2 ω4(χbk) |ĝ(χb)|2 db

= |R|
∑
k∈P

∫
A

|f̂(χb)|2 ω4(χb) |ĝ(χbk−1)|2 db

= |R|
∫
A

|f̂(χb)|2 ω4(χb)

(∑
k∈P

|ĝ(χbk−1)|2
)
db.

By the same argument as in Theorem 5.3.6, we obtain

|R| ‖f‖2
H2s(Mn(R)) ≤

∑
k∈P

∑
γ∈J

∣∣〈 f, ρ[γ, k 〉−1g]Hs(Mn(R))

∣∣2 ≤M |R| ‖f‖2
H2s(Mn(R)),

which clearly demonstrates that for any function f ∈ Hs(Mn(R)) which is not also

in H2s(Mn(R)), the lower bound is infinite so no upper frame bound is possible with

respect to the Hilbert space structure for this construction.

We also believe that the above proof holds for more general classes of weighted

L2(Mn(R)) spaces (such as Bessel potential spaces) of which the Sobolev spaces are a

special case. However, several technical assumptions remain to be checked with regards

to these spaces.
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κ′ − κ λ′ − λ 22(κ′−κ)µ− µ′ λMn(R)

0 0 0 6π log(2)

0 1 0 [6π] log

(
1

1− ε

)
0 −1 0 [6π] log

(
2 + ε

2

)
0 0 {−1, 1} [6π log(2)]ε
−1 0 {0, 1

4
, 1

2
, 3

4
} [2π log(2)] e− [π log(2)]e2

1 0 {−1,−2} [8π log(2)]ε+ [18π log(2)]ε2 + [4π log(2)]ε3

1 0 {0,−3} [8π log(2)]ε+ [10π log(2)]e2 + [2π log(2)]ε3

0 1 {−1, 1} [6π]ε log

(
1

1− ε

)
0 −1 {−1, 1} [6π]ε log

(
2 + ε

2

)
−1 1 {0, 1/4, 1/2, 3/4} [π]ε log

(
1

1− ε

)
+
[π

2

]
ε2 log

(
1

1− ε

)
−1 −1 {0, 1/4, 1/2, 3/4} [π]ε log

(
2 + ε

2

)
−
[π

2

]
ε2 log

(
2 + ε

2

)
1 1 {0,−3} [8π]ε log

(
1

1− ε

)
+ [10π]ε2 log

(
1

1− ε

)
+ [2π]ε3 log

(
1

1− ε

)
1 1 {−1,−2} [8π]ε log

(
1

1− ε

)
+ [18π]ε2 log

(
1

1− ε

)
+ [4π]ε3 log

(
1

1− ε

)
1 −1 {0,−3} [8π]ε log

(
2 + ε

2

)
+ [10π]ε2 log

(
2 + ε

2

)
+ [2π]ε3 log

(
2 + ε

2

)
1 −1 {−1,−2} [8π]ε log

(
2 + ε

2

)
+ [18π]ε2 log

(
2 + ε

2

)
+ [4π]ε3 log

(
2 + ε

2

)
−1 0 {−1/4, 1} [4π log(2)]ε2 − [2π log(2)]ε3

1 0 {−4, 1} [8π log(2)]ε2 + [2π log(2)]ε3

−1 1 {−1/4, 1} [4π]ε2 log

(
1

1− ε

)
− [2π]ε3 log

(
1

1− ε

)
1 1 {−4, 1} [8π]ε2 log

(
1

1− ε

)
+ [2π]ε3 log

(
1

1− ε

)
−1 −1 {−1/4, 1} [4π]ε2 log

(
2 + ε

2

)
− [2π]ε3 log

(
2 + ε

2

)
1 −1 {−4, 1} [8π]ε2 log

(
2 + ε

2

)
+ [2π]ε3 log

(
2 + ε

2

)

Table 5.2: Measures of all intersecting sets for n = 2 and ε < 1
4
.
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Chapter 6

OUTLOOK AND OPEN PROBLEMS

In this chapter, we provide an overview of some open problems and planned

future directions of the work already completed in Chapters 4 and 5. This provides

some additional context for the work presented in this thesis, as well as some topics

that may be of interest to other researchers. We include discussion, partial results, and

conjectures, along with relevant references.

6.1 Open Problems on Graph Signal Processing

Frames for General Cayley Graphs

In the case where a graph Γ = Cay(G,S) is a Cayley graph, but the generating

set S is not closed under conjugation, Theorem 4.4.3 does not apply. However, the

subspaces Eπ,i of L2(G) defined in the Peter-Weyl theorem (Theorem 2.1.6) are still

invariant spaces of dimension dπ. Consequently, the basis in (4.20) block diagonalizes

the adjacency (or Laplacian) matrix of any Cayley graph. This does not immediately

yield a basis of eigenvectors, but it does imply that a basis of eigenvectors can always

be found of the form

φ
(k)
j =

dπ∑
j=1

c
(k)
j πi,j, for k = 1, 2, . . . , dπ, (6.1)

for some coefficients c
(k)
j ∈ C.
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Let Γ = Cay(G;S) be a Cayley graph with an arbitrary generating set. Let Φ

be the basis of normalized coefficient functions given in (4.20). Then (with the proper

ordering of the vectors)

AΓ = ΦBΦ∗, (6.2)

where B is block diagonal. Let us make a few observations which show we know a

great deal about the block structure of the matrix B.

First notice that in our proof of Theorem 4.4.3, we did not use the condition

that S is closed under conjugation until the very last equality. Therefore, in the general

case, it is still true that

AΓπi,j =
∑
s∈S

dπ∑
k=1

πk,j(s)πi,k,

which immediately demonstrates two facts: the entries in each block can be derived

from the coefficient functions of a unique representation and the generating set, and

that each block associated with the same representation has identical entries.

This already makes the problem for Cayley graphs substantially more tractable

than the general case for the following reasons.

1. Let π be a representation. We have already observed that each dπ blocks asso-

ciated to π are identical. Consequently, the coefficients cj in (6.1) apply to each

fixed π and i independent of k. That is,

φ
(k)
j =

∑
j=1

cj πi,j, for k = 1, 2, . . . , dπ,

is an eigenvector for the same coefficients
{
cj
}dπ
j=1

. Then finding eigenvectors for

one block involves diagonalizing a dπ × dπ matrix but yields d 2
π eigenvectors for

the adjacency or Laplacian matrix.

2. These yield eigenvectors for the graph. If AΓ decomposes as in (6.2), and v

is an eigenvector of B, then Φv is an eigenvector of A associated to the same

eigenvalue. So finding eigenvectors on the blocks leads to an eigen decomposition

of the whole space.
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3. The maximum size of any block would be b
√
N − 1c × b

√
N − 1c, as the trivial

representation is always present (it is associated to the eigenvector of all ones).

We conjecture that an eigenbasis of the form in (6.1) could yield results similar to

Theorem 4.4.6; that specific family of translations could be simplified in terms of the

group structure for this basis. Additionally, we suspect that the condition of Theorem

4.4.6 can be relaxed from needing the Fourier transform of the localizing function to

be constant on representations to possibly being constant on a row or column of the

representation, but our current proof technique does not work in this case.

Joint Localization

One of the primary advantages of Gabor-type frames for functions defined on

Euclidean spaces Rn is that the time windows can be chosen to have good localization

properties in both time and frequency domains, and this property is preserved by their

shifts and modulations. However, understanding the support of window functions in

both domains based on the graph Fourier transform proves to be a much more compli-

cated issue due to the irregular domain represented by the graph. This is partially due

to the fact that the common choice of modulation operator fails to correspond to shifts

in the frequency domain as it does in the classical case shown in Proposition 2.2.6.

The above observation leads to an alternative definition for modulation by

Thanh, Linh-Trung, Dung, and Abed-Meraim in [111], which is defined as cyclic shifts

in the spectral domain. It would be interesting to see if a general frame construction as

in Theorem 4.3.3 could be proved with alternative definitions of modulation like this

one, which would make understanding the joint localization properties much easier.

Additionally, one could attempt to classify which time window functions would pro-

vide good joint localization properties with regards to any of the current constructions.

In Chapter 4, we looked at different notions of graph shift operators. In the

vertex domain, we had approximations to permutations which would allow some ver-

tices to vanish, as in [62, 91], which makes the localization in the vertex domain easy
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to understand. Similarly, shifting defined through polynomials of the adjacency (as in

[94]) is clearly understood in the vertex domain to have a diffusive effect. However,

it is much less clear when using the convolutive shift operators defined in the spectral

domain, such as [53, 103]. The authors in [103] provide bounds on localization by first

finding bounds when the localizing function is defined in the graph spectral domain as

a polynomial of the eigenvalues. Then, by using polynomial approximations for suffi-

ciently smooth functions, they provide bounds on how well localized a given function

will be, but these techniques require specific choices for the time window g : V → C.

In all cases, there are several desirable properties for the graph shift operators,

which all hold in the classical framework:

(P1) The shift operators are isometric (energy preserving).

(P2) The shift operators respect the graph structure (neighborhood preserving).

(P3) The shift operators act sharply 1-transitively on the vertex set (there is a unique

shift sending vertex i to vertex j for every pair i and j).

(P4) The shift operators form a group.

In Section 4.4 we saw that, in the special case of Cayley graphs, there is a natural

way of defining graph shifts which achieve all of these goals. Denote the group of graph

automorphisms by Aut(Γ). Then by noting that the left regular representations satisfy{
L(g)

∣∣ g ∈ G
}
⊆ Aut(Γ), we leveraged the group structure to find graph shifts

which were graph automorphisms and satisfied all of the above properties. It is not

hard to compute the vector v in Theorem 4.3.3 in the case that shifts are sharply 1-

transitive permutations. In this case,
{
M`Akg

}
forms a tight frame with frame bound

|V (Γ)| · ‖g‖2 for any choice of function g.

Observe that properties (P3) and (P4) imply that no shift operator fixes any

point except for the identity operator. If we replace condition (P4) with

(P4’) If % ∈ Aut(Γ) fixes any point, then % is the identity automorphism,
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then we can still classify all graphs which satisfy (P1)-(P3) and the weaker condition

(P4)’ due to the following theorem of Gauyacq from 1997.

Theorem 6.1.1 ([52], Theorem 1). A connected graph Γ is quasi-Cayley if and only if

the automorphism group of Γ contains a sharply 1-transitive subset acting on V (Γ).

The important property for a quasi-group Q is that, for any two elements a, b

in Q, ax = b and ya = b each have unique solutions x and y. In other words, the left-

and right-shift operators are still permutations which act transitively on the group.

Quasi-Cayley graphs are defined similarly to Cayley graphs in Section 4.4, however we

replace the group G with a quasi-group which contains a left-identity element (there

exists x ∈ Q such that xq = q for all q in Q), and the generating set S must be

left-associative
(
for all a and b in Q, S(ab) = (Sa)b

)
. Then the vertex set is Q and the

edge-set is given by
{

(q, sq)
∣∣ q ∈ Q, s ∈ S }, exactly as it was in the case of Cayley

graphs.

This leads to two interesting problems. First

Problem 6.1.2. Does there exist a natural choice of basis vectors for quasi-Cayley

graphs which would lead to properties like those in Corollary 4.4.7? In particular, can

we choose a basis such that previously defined translations behave like left-shift operators

from the quasi-group?

Second, can we find a translation operator which behaves like left-shift operators in

the basis of coefficient functions so that it always reduces to left-shift translations for

Cayley graphs?

Problem 6.1.3. Does there exist a way to define a general translation operator on

arbitrary graphs which generalizes the left-shift automorphisms for Cayley graphs when

using the basis from (6.1)?

We end the discussion of joint localization with the smallest possible example

of a graph which is quasi-Cayley but not Cayley. This is the famous Petersen graph,

113



v6

v1

v7

v2

v8

v3

v9

v4

v10

v5
v1

v6

v3

v8

v5

v10

v2

v7

v4

v9

%

Figure 6.1: The Petersen graph with an automorphism which inverts inner and outer
cycles.

and we describe the natural choice of translations based on the graph symmetries for

it as well.

Example 6.1.4. Let Γ be the Petersen graph illustrated in Figure 6.1. It is well

known that this is not Cayley. However, it can be realized as a quasi-Cayley graph of

the quasi-group Z2 × Z5 with group operation

(x, y)⊕ (x′, y′) = (x+ x′ mod 2, y + 2xy′ mod 5)

for the generating set S =
{

(1, 0), (0, 1), (0, 4)
}

(cf. [52, 88] for construction details).

The automorphism group of this graph is also isomorphic to S5, the symmetric

group of permutations on 5 objects. In this case, taking the automorphism % illustrated

in 6.1 and the automorphism ϕ which shifts labels 72◦, one can take the shift operators

as: {
ϕk, ϕk%

∣∣∣ k = 1, 2, 3, 4, 5
}
.

It is easy to check that % has order 4, so it cannot belong to a group of order 10. So

for the Petersen graph, this collection of automorphisms satisfies conditions (P1)-(P3)

and (P4)’, but it does not form a group.

It would be interesting to find the best approximations to this structure for

arbitrary graphs. Currently, it seems the best strategy is to exploit features for specific

families of graphs which might arise in applications.
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6.2 Open Problems for the Discretization Problem

Constructions for Other Matrix Subgroups

In [29], Currey, Führ, and Oussa classify all the 3× 3 matrix groups in terms of

whether or not they admit a continuous wavelet transform of pure translates. A natural

question, then, would be for those which do not admit a frame of pure translates, how

many admit a tiling system as in Definition 5.3.1?

This, of course, leads to many other interesting questions:

1. For those that do admit a tiling system, how can it be constructed?

2. Once constructed, does the discretization of the space always lead to a discrete

wavelet frame?

3. For any such construction, is there always a way to generalize it to higher-

dimensional versions of the group?

As mentioned in Section 3.1, the Gabor and wavelet frames correspond to the

action of an irreducible representation from the Heisenberg and affine groups, respec-

tively. These representations appear most frequently in applications, but considering

continuous wavelet transforms arising from the irreducible representations of other

groups classified in the above work might lead to a better understanding of discrete

frame constructions.

Extending Results of Chapter 5 to Banach Frames Beginning in the late 1980’s

with the series of papers [37, 38, 39], Feichtinger and Gröchenig began a systematic

investigation of series expansions of functions for Banach spaces. Here we provide

a brief overview of this work, as it provides a promising direction to generalize the

discrete frame constructed in Chapter 5 to weighted L2(Mn(R)) spaces
(
recall that we

have already shown this does not generalize as a Hilbert space frame (see Theorem

5.8.1)
)
.
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For the remainder of this chapter, let X be a Banach space with dual space

X∗ (the space of continuous linear functions from X to C). The definition of an

atomic decomposition of a Banach space relies on a Banach sequence space consisting

of sequences of complex numbers
{
ck
}∞
k=1

which we will denote by Xd.

Definition 6.2.1 (Atomic Decomposition). Let X be a Banach space and Xd be a

Banach sequence space indexed by N. Let
{
fk
}∞
k=1

be a sequence in X and
{
gk
}∞
k=1

be a sequence in X∗. Then the pair
({
gk
}∞
k=1

,
{
fk
}∞
k=1

)
is an atomic decomposition of

X with respect to Xd if

1.
{
gk(f)

}∞
k=1
∈ Xd for all f ∈ X;

2. there exist positive constants A and B such that

A ‖f‖X ≤ ‖{gk(f)}∞k=1‖Xd ≤ B ‖f‖X , ∀f ∈ X;

3. f =
∑∞

k=1 gk(f)fk, for all f ∈ X.

Remark 6.2.2. Note that in Hilbert spaces, the second condition ensures a stable re-

construction method (condition 3), however, in Banach spaces they are not necessarily

related. For a complete discussion of atomic decompositions versus frames, we direct

the interested reader to [63].

Definition 6.2.3 (Banach Frame). Let X be a Banach space and Xd a Banach se-

quence space indexed by N. Let
{
gk
}∞
k=1

be a sequence in X∗ and S : Xd → X be a

bounded operator. Then
({
gk
}∞
k=1

, S
)

is a Banach frame for X with respect to Xd if

1.
{
gk(f)

}∞
k=1
∈ Xd for all f ∈ X;

2. there exist positive constants A and B such that

A ‖f‖X ≤ ‖{gk(f)}∞k=1‖Xd ≤ B ‖f‖X , ∀f ∈ X;

3. S
{
gk(f)

}
= f , for all f ∈ X.

Remark 6.2.4. The key difference between atomic decompositions and Banach frames

is that atomic decompositions ask for a series expansion for each element of the Banach
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space, whereas Banach frames have a bounded synthesis operator S which allows for

reconstruction from the coefficients of the original signal, not necessarily as an infinite

series. This is a subtle, but important difference, because one can have Banach frames

for Hilbert spaces which are not simultaneously Hilbert frames, since the sequence space

Xd is not necessarily `2 (consider Example 3.2.11, which provides a Banach frame with

sequence space `∞ which is not an atomic decomposition).

To verify that the construction of Chapter 5 satisfies the conditions of a Banach

frame, we would replace the inner product with the duality pairing between X and X∗,

and verify that this leads to a bounded, invertible operator S as required in Definition

6.2.3. For a parallel construction for Gabor systems, see [10, Chapter 5].

Other Banach frame constructions based on Riesz sequences have been given by

Borup and Nielsen in [13, 14]. It is worth noting that the tight frame constructions

here rely on infinitely many generating wavelet functions, and tight frames are lost

when restricting to finitely generated systems. Fornasier studies wavelet and Gabor

frames for generalized α-modulation spaces using tools from self-localized frame theory

in [42]. Borup, Gribonval, and Nielsen also obtained atomic decompositions for Lp(Rd)

and Sobolev spaces by using completely different methods in [12].
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